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Abstract

We report instability structuresandnonlinearphenomenathat arisewhenunstableandstablenonlinearwave �elds are
couplednonlinearly. This interactionis modelledwith anintegrablesystemof cubicnonlinearSchrödinger(NLS) equations
andplanewave data.The linearizedanalysisis straightforward, and robust to non-integrableperturbations.The coupled
nonlinearSchrödinger(CNLS)modelischosenfor severalpurposes:tocontrastpreviousresultsonwavecouplingphenomena
for twostableor twounstableNLS�elds; toexploit theraretoolsof integrability toexplicitly constructandvisualizenonlinear
homoclinicmanifoldsassociatedwith theseinstabilities;andto work out resultsfor two coupledscalar�elds asa modelfor
potentialapplicationsof theseobservationsto wave-divisionmultiplexing of opticalpulsepropagation.Fromearlierwork of
Forest,McLaughlin,Muraki andWright (2000),a nonlinearcouplinginstability arisesbetweentwo stableor two unstable
scalarNLS �elds, localizedin wavenumberswhich scaleproportionalto thebackgroundwave. Herewe show thecoupling
of a stableandanunstableNLS �eld createsinstability structuresat wavelengthsinverselyproportionalto thebackground.
Two dramaticphenomenaresultfor suf�ciently longwavebackgrounddata:

� a combinedenergy transferand pulsecompressionmechanism: a focusingplanewave, coupledto a weaker defocusing
�eld, transfersenergy atanexponentialrateinto thedefocusing�eld at shortwavelengths;

� a mechanismfor stabilizationof themodulationalinstability of focusingNLSÞelds: longwave instabilitiesof a focusing
planewavecanbestabilizedby couplingto astrongerdefocusingplanewave.
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1. Intr oduction

In physicalwave systemswhereenergy-conservingpropagationis governedby anasymptoticbalancebetween
theeffectsof dispersionandweaknonlinearity[29,45], thenonlinearSchrödinger(NLS)equationgenericallyarises
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at leadingorder. The“focusing” scalarNLS equationis theclassicalmodelfor themodulationalinstabilityof plane
waves in weakly nonlinear, dispersive media;the instability saturateseither in envelopesolitons[4,5,18–20,29]
or in longwave oscillatorywavetrains[11,12,15]dependingon boundaryconditions,or in statisticalensemblesin
certainlimits [7,22,35].

Whentwoor morepropagating�elds arenonlinearlycoupled,suchasfor polarizationmodesin birefringent�bers
[1,2,6,19,26],acoupledsystemof NLSequationsarises.Thescalarmodulationalinstabilityof theso-calledfocusing
NLSscalarequationisnow recognizedasaclassicalmechanismof nonlinearwaves,datingbackatleasttoBenjamin
andFeir [4] in thecontext of waterwaves,Hasegawa andTappert[20] in nonlinearoptics,andmoregenerallyin
nonlinearWKB analysisof nonlinearwave equations[5,27,38]. The existenceof modulationalinstabilities in
couplednonlinearSchrödinger(CNLS) systemswas experimentallyandnumericallyillustratedby Rothenberg
[32,33], andstudiedearlierasa theoreticalmodelby Roske [31]. Instabilitiesof CNLS-typesystemsfor solitary
wavedatahavebeenstudiedin thecontext of nonlinearoptics[6] andmoregenerallyby YangandBenney [43,44].

Therationalefor integrablemodelsfor theseclassicalinstabilitiesis twofold. First, theintegrablesystemsshare
the essentialinstability mechanisms,a fact [16,17,40,41]that was surprisingin regard to coupleddefocusing
NLSmodelsfor long-haulpropagationin normaldispersion�bers [32,33]. Second,integrablemathematicaltools
[3,10–17,21,23,24,28,30,36,37,39–41]allow completecharacterizationsof theinstabilities:

� at thelinearizedlevel with thenumberandgrowth ratesof unstablemodesfor planewaves,solitarywaves,and
muchlargerclassesof periodicwavetrains;andwith explicit linearizedeigenfunctionsevenfor arbitraryperiodic
wavetrains;and

� at the nonlinear level with characterizationof the entireunstablemanifold of eachunstablesolution;explicit
parametrizationsof orbits homoclinic to planewaves or moregeneralperiodicwavetrains;andthe geometry
of phasespacein termsof level setsof unstablesolutions,which is fundamentalto thenonlinearsaturationof
instabilities.

Integrabletoolsarenearlycompletefor scalarequationsin onespacedimension.Thelastremainingfundamental
questionsurroundsthezerodispersionlimit of thefocusingNLS equation,whichhasresistedanalysisuntil signif-
icantrecentprogressby Kamvissiset al. [22], spurredby thenumericalinvestigationsof Bronski [7]. In contrast,
themathematicsof integrablecoupledsystemsof PDEsin onespacedimensionis far from complete;thereaderis
referredto [16] for a progressreporton theCNLS system,with detailedpropertiesfor planewave datawhenboth
scalar�elds arefocusing(i.e.,unstable)or defocusing(i.e.,stable).

Thecurrentpaperbeganfrom thesimplemotivationto completethelinearizedanalysisof two CNLSequations,
addressingthesituationwhenonefocusingscalar�eld is nonlinearlycoupledto onedefocusingscalar�eld. The
phenomena,however, are qualitativelydifferentandpotentiallyusefulin applications. Theapplicationwe have in
mind is for wavelength-division multiplexing of optical pulses.In this context, several differentwavelengthsare
usedascarriersof data,andtheenvelopeequationsconsistof CNLS-typesystems.Mixedfocusinganddefocusing
scalar�elds canariseby choosingwavelengthsthat crossover the anomalousandnormaldispersionregimesof
the optical �bre. Suchoptical communicationssystemswould lead to large coupledsystemsof NLS envelope
equations,with mixedstableandunstablechannels,for which our two-componentsystemrepresentsthesimplest
possiblemodel.Thephenomenawe developherethenresidein a morecomplex dynamics,includingstable:stable
andunstable:unstableinteractionsaswell.

For thispaper, weconsiderplanewavesolutionsof themixedCNLSsystem,parametrizedby: thewavenumber
� andamplitudes�� �� �� � in thefocusing,defocusing�elds, respectively. (Theplanewavefrequenciesfollow easily
from theCNLSequations,seeEq.(4).)

We bring forward the salientfeaturesdevelopedin the body, sincethe mathematicalanalysisis tediousand
lengthy.
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Fig. 1. Marginal stability curvesfor thedefocusingequationswith equalintensityplanewaves (�� � � � � �), from [16]. Thedimensionof � 1
u ,

theunstablemanifoldcorrespondingto eachwavenumberin theunstablesidebands,is one.Theinstability is cross-phasebecause� is purely
imaginaryin theunstableregion,so� � 1. Thecross-phasesidebandresonancefor thedefocusinginstability of planewaves is, in general,at
intermediatewavelengths.

� The dimensionof the stable:unstablecouplinginstability in a givenperturbationwavenumberis at mostone.
This agreeswith the coupleddefocusingsystem,recalledfrom [16] in Fig. 1, whereasthe coupledfocusing
systemcanhave two-dimensionalunstablebands(Fig. 2). Themixedsystemthereforedoesnot supportsimul-
taneouscross-phaseandfocusinginstabilitiesin thesamewavenumberperturbation.Wegiveaproofof this fact
in AppendixA, showing that the cross-phaseinstability region arisesasa continuousdeformationout of the
focusing-dominatedlongwave instability region; detailsof theseinstabilitiesto shortwave perturbationsdepend
on therelativeamplitudeof thebackgroundplanewaves,�� �� �� �, asevidencedby Figs.3–5.

� Intermediateandshortwavelengthstable:unstable(s:u)planewaves, i.e., for backgroundwavenumbers� suf�-
cientlylarge,donothavesidebandinstabilitiesatwavelengthswhichscaleproportionalto thatof thebackground,
which thestable:stable(Fig. 2) andunstable:unstable(Fig. 1) couplingsalwayshave. Thisqualitative featureis
robustfor all relative planewave amplitudes(seeFigs.3–5). Thesidebandcouplinginstability for intermediate
andshortwaveplanewavesis thereforea signatureof like-coupledÞelds.

� Sidebandsof instability appearfor long wavelength(s:u) planewaves (� � 0) andscaleinverselywith the
wavelengthof the backgroundplanewave, i.e., 	 min� max � O
� � 1� . For long wavelengthplanewaves,i.e., �
sufÞcientlysmall, the relativeamplitudesof the focusing�� � and defocusing�� � Þeldsbecomedistinguishing
factorsof thedetailsof theinstabilitybands:
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Fig. 2. Marginal stability curves(solid curves)for the focusinginstability of planewaves with equalintensities(�� � � � � �), from [16]. Three
distinctregionsof instabilitycanbeidenti�ed in theunstablewavenumberregion:cross-phasesidebandswith oneunstablemodedenotedby � 1

u
cross-phase(� � 1), across-phasetransitionregionwith two unstablemodesdenotedby � 2

u cross-phase(both� � 1), andacentralself-phase
bandof two unstablemodesdenotedby � 2

u self-phase(onemode� � 1 andthe othermode0 � � � 1). Theseregionsof instability are
separatedby dashedlines.

	 Refer to Fig. 3. For equal intensity planewave solutions,�� � � � � �, one instability bandoccurs,always
encompassingthescalarfocusingunstablewavenumbers(�	 � � �� �) andasymptoticto �� � as� � 
 , but with
instability cutoff 	 c � O
� � 1� as� � 0, i.e., theinstability bandexpandsrapidly in theregimeof longwave
planewaves.This providesthe�rst evidenceof a completelynew phenomenonspeci�c to themixedsystem:
shortwaveinstabilitieson longwavebackgrounddata.

	 Referto Fig. 4. When�� � 
 �� �, i.e., thefocusing�eld dominatesthebackgrounddata,the longwave modu-
lational instability of thefocusing�eld persistsfor all backgroundwavenumbers� , andtheshortwavelength
marginal stability curve 	 c � O
� � 1� , persists.Themainqualitative featureis speci�c to the longwave (s:u)
CNLScoupling:a stabilizationof an intermediatebandof unstablewavenumbers 	 . This is the�rst evidence
of intensity-dependentsuppressionof instabilities.

	 Referto Fig. 5. WhenthedefocusingbackgroundÞelddominates, �� � 
 �� �, andthedatais sufÞcientlylong-
wave(� suf�ciently small), thenall intermediateand longwavemodulationalinstabilitiesare suppressed;
leaving only the shortwave sidebandinstability. This leadsto an intriguing wave interactionphenomenon
which haspossiblephysicalapplications,e.g.,one might engineera dramaticshift from a single-channel
longwave unstable focusing �eld, by coupling to a more intense defocusing �eld, to a shortwave
instability.
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Fig.3.Marginalstabilitycurves(solidcurves)for themixedfocusing–defocusinginstabilityof planewaveswith equalintensities(�� � � � � � � 1).
The unstablemanifold is of dimensionone,� 1

u , throughoutthe unstableregion. The �uted-glassshaperevealsthe presenceof the coupling
instability at low wavenumbersfor thebaseplanewave solution.Thehigh wavenumbercutoff of theinstability bandscalesas	 c � O
1�� � in
thelimit asthebackgroundwavenumber� � 0.

	 In all mixed �eld (s:u)cases,theshortwavelengthinstability band,(	 min,	 max), collapsesas� approaches0
andscalesas	 � O
� � 1� .

� Integrability of theCNLSsystem[25] affordstheadditionalmachineryof Bäcklundtransformations[9,12,17,34,
39,42]whichallowsoneto explicitly constructtheunstablemanifoldsof periodicwavetrains,i.e.,wecanexplore
how the local linearizedinstabilitiessaturatein nonlinearspatialandtemporalstructures.A discussionof the
Bäcklundtransformationisdeferreduntil anAppendixA. InFigs.6–9weimplementthisintegrabletransformation
to visualizethehomoclinicstructuresassociatedwith mixedstable:unstableCNLS planewave interactions.We
illustratewith exactsolutionsthevariationin homoclinicstructureswith respectto thefundamentalparameters:
therelativeamplitudesandthewavelengthof thebackground�elds.

2. The basicequations

Theintegrablegeneralizationof theNLS equationto atwo-componentsystem[25] is avectorform of thescalar
NLS evolution:

i�� � � � � xx 
 1
2 ��� �2�� � 0� (1)



178 M.G.Forest,O.C.Wright/ PhysicaD 178(2003)173Ð189

Fig. 4. Marginal stability curvesfor themixedfocusing–defocusinginstability of planewaves in thecaseof intermediatedivision of intensity
betweenthetwo channels,viz., �� � � 3 and�� � � 1.Thedominanceof thefocusingchannelin thebackgroundwavemanifestsitself in retention
of thewide“focusing” bandof low wavenumberinstabilities,andtheshortwave instabilitieswhosecutoff scalesas	 c � O
1�� � in thelimit as
thebackgroundwavenumber� � 0. Theeffectof thedominantfocusingplanewaveamplitudefor longwaveplanewaves,� � 0, is to stabilize
anintermediatewavelengthband,sothattheselongperiodplanewaveshave two instabilitybands,onelongwaveandoneshortwave.

where�� � aretimeandspacecoordinates.(In nonlinearoptics,therolesof � and� arereversed.)Denotingthetwo
componentsof thevector�� by complex-valuedscalar�elds �
�� �� and�
�� �� , theevolution canbewritten asthe
coupledPDEsystem:

i� � � � xx � 1
2 
� 1�� �2 � � 2�� �2�� � 0� i � � � � xx � 1

2 
� 1�� �2 � � 2�� �2�� � 0� (2)

In boththescalarandvectorcases,thesignof thenonlinearitydistinguishestwo evolutionsandtwo typesof �bre
regimes:� 1 � � 2 � � 1 correspondsto focusingbehaviour andanomalousdispersion�bers, while � 1 � � 2 � � 1
correspondsto defocusingbehaviour andnormaldispersion�bers. In [16] thecoupledsystemwasshown to possess
aninstabilitywhichoccursevenwhenbothchannelsaredefocusing,i.e.,aninstabilityonly presentin thenonlinear
couplingof thetwo �elds.

A third integrable form of the equationsis the subjectof this study, where the nonlinearityappearsas the
differenceof the squaredmagnitudesof the components(viz., � 1 � � 1 and� 2 � � 1)—this resultsin a hybrid
couplingwherebyone�eld hasmodulationalinstabilitywhile theotherdoesnot,whichwecall thestable:unstable
(s:u)case.
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Fig.5.Marginalstabilitycurvesfor themixedfocusing–defocusinginstabilityof planewavesin thecasewhenthedefocusingchanneldominates,
�� � � 1 and�� � � 3. Thedistinguishingnew feature,comparedwith theequalintensitystabilitydiagram,is thestabilizationfor longwaveplane
waves (� small)of thefocusinginstability! For suchlong periodplanewaves with strongerdefocusingamplitude,theinstability bandsconsist
solelyof shortwavesidebandswhosemin andmaxeachscalelike 	 min�max � O
1�� � as� � 0.

3. Planewavestability analysis

Thesimplestexactsolutionto theCNLS equationsis theplanewave—aconstantamplitude,exponentialwave-
train:

� 0 � � ei
 � kx� ��� � � 0 � � ei
 � kx� ��� � (3)

whosefrequency � is requiredto satisfytheamplitude-dependentdispersionrelation:

� � � 2 � 1
2 
� 1�� �2 � � 2�� �2�� (4)

Thecomplex amplitudes�� � areconstants,therebyde�ning awavehaving �x edpolarization,i.e.,awavewhere
the division of intensitybetweenthe two components� and � is uniform in both time andspace.In the above
representationof theplanewave, thewavenumbersfor eachcomponentareassumedrealandhave oppositesign
(without lossof generality),asin [16].

Thelinearizedstability of theplanewave is easilyobtainedfrom Fourieranalysis.It proves mostconvenientto
introducethedisturbancequantities��
�� �� and�� 
�� �� asmultiplicativeperturbationsto theplanewave:

� � � 0
 1 � � ��� � � � 0
 1 � � �� � (5)
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Fig. 6. High-frequency instability structures:a mixed focusing–defocusinghomoclinic orbit when the defocusingchannelis dominant,
�� � � 1� �� � � 3. This solutioncorrespondsto aninstability in theside-bandsof the� 1

u region of Fig. 5. Themodulusof eachscalarcomplex
�eld is shown, sotheorbitsarehomoclinicto theconstantplanewave amplitudes.Thebackgroundplanewave haswavenumber� � 0�2, i.e.,
period10� , theperturbationwavenumber	 � 
 6 is theunstablethirtieth harmonic, with non-reallinearizedeigenvalue� � 6�32 
 0�238i,
whoseimaginarypartgives the linearizedgrowth rateof this unstablemode.Note that theorbitsareshown over only one-tenthof theperiod
of thebackgroundplanewave, so that thehomoclinicdegreesof freedomarevisible.Thelinearizedeigenfunctionshave focusing:defocusing
amplituderatio � � 8�95,viz., energy is beingtransferredfrom thestrongerdefocusingchannelto theweaker focusingchannel.Weemphasize
thatthelongwave instabilitiesassociatedwith thedecoupledfocusingscalar�eld havebeenstabilizedfor thisbackgroundplanewave.

Keepingonly termslinearin �� and�� andafterdirectsubstitutionof (5) into theCNLSequations(2), thelinearized
disturbanceequationsbecome

i
 �� � � 2� �� � � � � � xx �
� 1

2
�� �2
 �� � � � � � �

� 2

2
�� �2
 �� � � � � � � 0�

i
 �� � � 2� �� � � � � � xx �
� 1

2
�� �2
 �� � � � � � �

� 2

2
�� �2
 �� � � � � � � 0� (6)

wherethesuperscript� denotescomplex conjugation.Becauseof theconjugatesin (6), theeigenfunctionsaremost
convenientlyexpressedaslinearcombinationsof pureFouriermodes:

�� � � � ei	
� � ��� � � �
� e� i	
� � � � �� � �� � � � ei	
� � ��� � � �

� e� i	
� � � � �� � (7)

Fig. 7. A mixedfocusing–defocusinghomoclinicorbit whenthedefocusingchannelis dominant,�� � � 1� �� � � 3. Themodulusof eachscalar
complex �eld is shown, sotheorbitsappearhomoclinicto theconstantplanewave amplitudes.Thebackgroundplanewave haswavenumber
� � 1, theperturbationwavenumber	 � 
 1 is unstable,with non-reallinearizedeigenvalue� � 2�33 
 0�848i,whoseimaginarypartgives
thelinearizedgrowth rateof thisunstablemode.Thelinearizedeigenfunctionshave focusing:defocusingamplituderatio � � 10�57, indicating
a growth dominatedby thefocusingchannelasfor theBenjamin–Feirinstability of thescalarNLS equation.This solutioncorrespondsto an
instability in thelongwave � 1

u regionof Fig. 5.
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Fig. 8. A mixed focusing–defocusinghomoclinicorbit whenthe focusingchannelis dominant,�� � � 3� �� � � 1. Themodulusof eachscalar
complex �eld is shown, sotheorbitsappearhomoclinicto theconstantplanewave amplitudes.Thebackgroundplanewave haswavenumber
� � 1, theperturbationwavenumber	 � 
 1 is unstable,with non-reallinearizedeigenvalue� � 2�064
 2�847i,whoseimaginarypartgives
thelinearizedgrowth rateof this unstablemode.Thelinearizedeigenfunctionshave focusing:defocusingamplituderatio � � 2�53, indicating
a growth dominatedby the focusingchannelas for the Benjamin–Feirinstability of the scalarNLS equation.This solutioncorrespondsto
instability in thelongwave � 1

u regionof Fig. 4.

Theseeigenmodesareparameterizedby therealwavenumber	 of thedisturbanceandthecomplex phasevelocity
� , wherea positive imaginarypart indicatesa puretemporalgrowth modeof instability in positive time. Substi-
tution into thelinearizedPDE’s(6) andcollectionof resonanttermsresultsin four linearhomogeneousequations
for the Fourier amplitudes� 
 and � 
 . Notice that the averagedamplitudesover the periodof the disturbances
are

� �� �2 � � � � �2 � � � � �2� � �� �2 � � � � �2 � � � � �2�

Fig. 9. A mixed focusing–defocusinghomoclinicorbit for a planewave with focusingchanneldominant,�� � � 3� �� � � 1. The background
planewave wavenumberis � � 0�5; theperturbationwavenumber	 � 
 3 is unstable,with linearizedeigenvalue� � 2�054
 0�808i whose
imaginarypart gives the linearizedgrowth rate.The homoclinicstructureassociatedwith the unstablesixth harmonicmodeis shown over a
half-period(2� ) of thebackgroundplanewaves.Thelinearizeddisturbancehasthefocusing:defocusingamplituderatio � � 0�183,implying
localunstableenergy transferfrom thestrongerfocusingchannelto theweakerdefocusingchannelat theonsetof theinstability. This linearized
predictionis realizedin thenonlinearhomoclinicstructure,with signi�cant dumpingof energy into thedefocusing�eld. Theinstability resides
neartheintersectionof thecross-couplingsidebandandthefocusing� 1

u regionof Fig. 4.
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Theeigenvalue� andtheeigenvector
� � � � � � � � � � � � t of thelinearizedproblemmustsatisfythesystem:


 � � � 2� � 	�	 � � �
� 1

2
�� �2
� � � � � � �

� 2

2
�� �2
� � � � � � � 0�


 � � � 2� � 	�	 � � �
� 1

2
�� �2
� � � � � � �

� 2

2
�� �2
� � � � � � � 0�


 � � � 2� � 	�	 � � �
� 1

2
�� �2
� � � � � � �

� 2

2
�� �2
� � � � � � � 0�


 � � � 2� � 	�	 � � �
� 1

2
�� �2
� � � � � � �

� 2

2
�� �2
� � � � � � � 0� (8)

Solvability for this systemrequiresthat thedeterminantof thematrix of coef�cients vanish—thisdeterminesthe
dispersionrelationfor linearizeddisturbances

[
� � 2�� 2 � 
� 1�� �2 � 	 2� ][ 
� � 2�� 2 � 
� 2�� �2 � 	 2� ] � � 1� 2�� �2�� �2 � 0 (9)

yieldingaquarticpolynomialfor thecomplex frequency �
	� in termsof thedisturbancewavenumbers	 
 0 and
theplanewaveparameters;if 	 � 0 thenthedeterminantof thematrixof coef�cients is identicallyzero,sothisfactor
hasbeenremoved from thedispersionrelation.For realwavenumbers	 , thepolynomialhasrealcoef�cients and
therefore,complex roots� occurin conjugatepairs.Thoserootswith non-zeroimaginarypartcorrespondto linearly
unstablemodes,with growth rate�Im
�
	�� �. Furthermorethepolynomialonly contains	 2, whichre�ects thecon-
jugatesymmetryof theeigenmodes,soit is suf�cient toconsideronly 	 � 0.Thecomponentsof theeigenvectorare

� � � 	 3
 � � � 2� � 	�
� � 2� � 	�
 � � � 2� � 	��

� � � 	 3
� � 2� � 	�
� � 2� � 	�
 � � � 2� � 	��

� � � 	 3
� � 2� � 	�
 � � � 2� � 	�
 � � � 2� � 	��

� � � 	 3
� � 2� � 	�
 � � � 2� � 	�
� � 2� � 	�� (10)

Thechannelratio � of theamplitudesof thelinearizeddisturbancesin the� -channeland� -channelis

� �
� �� �2

� �� �2
�

�� � 2� � 	 �2�� � 2� � 	 �2
 �� � 2� � 	 �2 � � � � 2� � 	 �2�
� � � � 2� � 	 �2� � � � 2� � 	 �2
 � � � � 2� � 	 �2 � � � � � 2� � 	 �2�

� (11)

Notethat,since� and	 arerealquantities,if � is purelyimaginarythenthechannelratio� is exactlyequalto unity.

3.1. Defocusing:defocusingmarginal stability curves[16]

The (s:s) systemhasno instabilitiesif either of the two planewave amplitudesis zero; indeed,all periodic
wavetrainsaremodulationallystable[15]. Yet a new instability is born in the nonlinearcoupling,of relevance
here,whenever planewaves have unequalwavenumbers.Sincecomplex eigenvaluesoccur in conjugatepairs,
the marginal stability condition(correspondingto a transitionin stability) coincideswith the conditionsfor the
dispersionrelation(9) to havearealdouble-root.Thevanishingof thediscriminant� providesanecessarycriterion
for thisdouble-root.

Analysisof this polynomialconditionallows for thedeterminationof theboundarybetweenregionsof stability
andinstability in thespaceof parameters�� 	 � �� �2� �� �2. Thediscriminantsimpli�es greatlyin thespecialcaseof a
planewave having equalintensitiesin bothcomponents,viz., �� �2 � � � �2, andthebandof unstablenormalmodes
is given by

4� 2 � � 2 � 	 2 � 4� 2� (12)

where� 2 � � � �2 � � � �2 � 2�� �2 representsthetotal intensityof theplanewave.
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The region of instability is thusboundedby a hyperbolaandits asymptotes.Theseareshown by solid curves
in Fig. 1, wherethe wavenumbers	 and� have beennormalizedon the amplitude�� �. If we allow the division
of intensityto becomeunequal,the 	 -bandwidthof the unstablemodesshrinks,while the shapeof the marginal
stabilityboundariesremainsqualitatively similar(see[16]). When�� � �� � � � therealpartof � in theunstableregion
is small,so� � 1, i.e.,qualitatively thedisturbanceis cross-phase.

3.2. Focusing:focusingmarginal stability curves[16]

Nonlinearlycoupledunstableplanewavesaresubjectto bothself-phasefocusinginstabilities(where0 � � � 1
or � � 1)andcross-phasecouplinginstabilities(where� � 1).Themarginalstabilitycurvesin wavenumber–space
areshown in Fig.2 for thecaseof equalamplitudesin eachpolarization.Thedimensionof theunstablemanifoldand
thequalitativenatureof theinstability variesasthewavenumberparametersmove throughouttheunstableregion.
Thedimensionof theunstablemanifoldcorrespondingtoagivenwavenumberis foundfromtheeigenmodebasisof
thelinearizedequation.Thenon-localqualitativenatureof theinstabilitiesis revealedby theglobalconstructionof
thecorrespondinghomoclinicorbit usinga Bäcklundtransformation.NotethattheBäcklundtransformationused
to obtainthecorrecthomoclinicorbit dependsontheone-to-onecorrespondencebetweentheeigenmodesfor each
wavenumber(for both	 � 0 and	 � 0 separately)andtheFloquetspectralpointsasdiscussedelsewhere[16,17].

In orderto explain the instability diagramof Fig. 2, two typesof non-localbehaviour generatedby individual
eigenmodesmustbedistinguished:

� Cross-phaseinstabilities,wherethechannelratio� � 1.Qualitatively, thereisanequalexcitationof eachchannel
by theinstability. Theenergy is sharedby thetwo co-propagatingchannels.

� Self-phaseinstabilities,wherethechannelratio0 � � � 1 or � � 1. Qualitatively, thedisturbanceis greaterin
onechannelthanin theotherchannel.The instability modeis primarily associatedwith onechannel,although
thereis somesharingof energy asdictatedby therelative intensitydistributionof thebackgroundplanewave.

In thecaseof equaldivisionof intensityin thetwo channels(�� � � � � �) thepictureis veryclearbecausethereis a
symmetryin thedispersionpolynomialthatforcesroots� tocomein positiveandnegativerealpartpairs,in addition
to complex conjugatepairsfor non-realroots.Thus,Fig. 2 canbedividedinto threedistinctregionsof instability:

� Cross-phase� 1
u . Theunstablemanifoldis across-phaseinstabilityof dimensionone,herethereis onecomplex

conjugatepair only of purelyimaginaryroots� , and� � 1.
� Cross-phase� 2

u . The unstablemanifold is a cross-phaseinstability of dimensiontwo, becausethereare two
complex conjugatepairsof roots� , both with � � 1. Both unstableeigenmodesgeneratecross-phasedistur-
bances.As thewaveparameterscrosstheboundaryfrom � 1

u to � 2
u cross-phase,theoriginal intermediate-wave

cross-phasedisturbanceis preservedbut a new longwave cross-phaseinstability is generatedwith largespatial
structure.As the wave parametersmove toward the boundarywith the � 2

u self-phaseregion, the scalesof the
disturbancesgeneratedby thetwounstablecross-phasemodesbecomecomparable,asthetwocomplex conjugate
pairsof pureimaginaryroots� coalesce.

� Self-phase� 2
u . Theunstablemanifoldis aself-phaseinstabilityof dimensiontwo, thereis acomplex conjugate

pair of � correspondingto � � 1 andanotherpair producing0 � � � 1. Both unstableeigenmodesgenerate
self-phasedisturbances.Oneeigenmodeexcitesthe� -channelmorethanthe� -channel,while theotherexcites
the� -channelmorethanthe� -channel.Theself-phasenatureof eachinstability becomeslesspronouncednear
theboundarywith the� 2

u cross-phaseregion,andbecomesmorepronouncedas�� �� � � 
 .

It is worthemphasizingthatthequalitativenon-localstructureof theinstabilitiesvariescontinuouslyasthewave
parametersvarycontinuouslywithin theunstableregion.
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3.3. Mixedfocusing:defocusingmarginal stability curves

Whereasthedefocusing–defocusingequationspossessonly thecross-couplinginstability, themixedfocusing–
defocusingequationsexhibit both the single-channelBenjamin–Feirlongwave instability and intermediateand
shortwave sidebandinstabilitiesin which thereis signi�cant energy transferbetweenthe two channels.As sum-
marizedin Section1, the scalingpropertiesof the sidebands,	 min�max � O
� � 1� , aredramaticallydifferent for
the (s:u) CNLS system.Moreover, asa resultof the analysisin AppendixA, the (s:u) instability for eachunsta-
ble 	 is one-dimensional. Therefore,eventhoughthesystemhascouplingandBenjamin–Feirfocusinginstability
properties,they do not co-exist in a singleunstablewavenumber. As reportedin Section1, detailsof the mixed
instabilitystructuresdependontherelativestrengthof thefocusinganddefocusingbackgroundplanewavesolution.
Consequentlywedivide thefollowing discussioninto threecases:�� � � � � �, �� � 
 �� �, and�� � � �� �.

� Equalintensitybackgroundplanewavesolutionsof themixedfocusing–defocusingequationshavethemarginal
stability curve diagramshown in Fig. 3, assuming�� � � � � � � 1. The �uted “martini glass”shaperevealsthe
presenceof theone-dimensional� 1

u cross-couplinginstability in thetop of theglassfor very low wavenumber
planewaves.The unstablewavenumberbandof the focusingscalar�eld is alwayspresent,but the coupling
introducesnew length-scalesof instability. Thereareunstablemodesof intermediateandhigh wavenumberas
thebackgroundplanewave is endowedwith largerperiod(� � 0). Thestemof theglasscontainstheusuallow
wavenumberBenjamin–Feirone-dimensional� 1

u instabilityof thefocusingchannel.An asymptoticanalysisof
the discriminantof the linearizedinstability polynomialshows that the high wavenumbermarginal instability
curve scalesas	 � O
� � 1� as� � 0. This scalingis preservedfor all valuesof �� � and�� � in themixedcase.
Thestructureof thecross-couplinginstability is revealedby allowing therelative amplitudeof thebackground
planewavesolutionto vary.

� Defocusing-dominatedbackgroundplanewavesolutions. If unequalamplitudesfavour thedefocusingchannel
(�� � � 1� �� � � 3 as in Fig. 5), a remarkable“dip in the middle of the martini liquid surface” emerges.This
impliestheshortwave instability of long periodplanewaves persists,but theclassicalBenjaminÐFeir longwave
instabilityof thoselongwavelengthplanewavesis stabilized!

Thelongwave instabilitybandis regainedfor suf�ciently shortwavelengthplanewaves,approximately� � 1
in thisparticulardiagram.Asthebackgroundwavelengthgrows,i.e.,in thestemof themartiniglass,thelinearized
eigenfunctionratio � � 1; in fact � � 
 as� � 
 and	 � O
1� , indicatingthatenergy of theseunstable
solutionsispumpedinto thefocusingchannel.Thus,thisisaself-phasefocusinginstabilityphenomenonwhichis
nothingotherthanthetraditionalBenjamin–Feirinstabilityof thescalarNLSequation.However,astheparameters
move into thesidebandarms, i.e., � � 0 and	 � O
1�� � , � continuouslyapproachesa �nite limit determined
by theplanewaveamplitudes.Weprovidesomeanalyticaldetailsnecessaryto determinetheimportantfeatures.
Asymptoticallyas� � 0,thereisanupperandalowerboundaryto theunstableregionenclosedbythesidebands:

	 upper �
1
8


� � �� 2 1
�

� 2
� � �
� � �

� � 32
ab


� � �� 4 � 3 � O
� 5��

	 lower �
1
8


� � �� 2 1
�

� 2
� � �
� � �

� � 32
ab


� � �� 4 � 3 � O
� 5��

On theupperboundarywe �nd therearefour rootsof � of which two arerepeated:

� repeated�
1
8


� � �� 2 1
�

� 32
ab


� � �� 4 � 3 � O
� 5��

� � �
1
8


� � �� 2 1
�


 4

�
� 2 � � 2

� � �
� � 32

ab

� � �� 4 � 3 � O
� 5��
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Unstablemodesareassociatedwith thesplittingof therepeated� rootsinto acomplex conjugatepair insidethe
unstablesidebandregion.

Theasymptoticbehaviour of the“channelratio” � for theseunstablemodesis

� �
�� �2

�� �2
� O
�� as � � 0�

Noticethat� is de�ned as� � � �� �2� � �� �2, thenormalizedratioof themagnitudeof thefocusingto thedefocusing
lineareigenmodes,but theasymptoticlimit is theratioof themagnitudeof thebackgrounddefocusingplanewave
to thefocusingplanewave, i.e.,theinverserelationto theoriginalde�nition. Thisdemonstratesthephenomenon
of energy transferfrom thestrongerto theweakerchannel.

Thus,for � nearzero,whenthe backgroundplanewaves have equalintensity, i.e., �� � � � � �, the instability
waveform alsosharesintensityequally, but whenthe backgroundplanewaves areunbalanced,the instability
structuretendsto reversetheimbalance. Figs.6–9containcomputer-generatedgraphsof theseexacthomoclinic
orbits.Wedeferadiscussionof how thesehomoclinicorbitsaregeneratedto AppendixB. Theunstablemodesin
thesidebandsof themixedCNLSequationswith backgroundplanewavesof unequalmagnitudealwaystransfer
energy from thestrongerto theweaker channel.This suggeststhattheshortwave instability for small � leadsto
equalsharingof energy amongthelinearizeddisturbanceeigenfunctions,sothefocusingchannelwill gainsome
energy (storedin very small wavelengths)relative to the strongerdefocusingchannel,but remainthe weaker
channel.

� Focusing-dominatedbackgroundplanewavesolutions. Whenunequalamplitudesfavour the focusingchannel
(�� � � 3� �� � � 1), themarginalstabilitycurvesareshown in Fig.4. Thefocusingbandof unstablewavenumbers,
whenthe focusingamplitudeis equalor dominant,is retainedfor all backgroundperiods.And the shortwave
instability astheplanewave periodbecomesunbounded,� � 0, is alsoretainedfrom theequalintensitycase
Fig.3.However, theintermediatewavenumberperturbationsfor longperiodplanewavesarestabilized.Asbefore,
in thecentralbandnearby	 � 0, thelinearizeddisturbancechannelratio� � 1, favouringthefocusingchannel;
as� � 0 in thesidebandinstability region, � � 1� 9, indicatingthatenergy is beingpumpedinto theweaker
defocusingchannel.Using theBäcklundtransformationof integrabletheory[17,39], thenonlinearwaveforms
generatedby typical instabilitiesin this lastcaseareobtainedexplicitly in Figs.8 and9.

4. Conclusion

Thenonlinearcouplingof twoplanewave�elds, onemodulationallystableandoneunstable,hasbeenstudiedfrom
thepointof view of instabilitystructures.Theinteractionsleadto new qualitativephenomenanotsharedwhentwo
stableor two unstableplanewave�elds aresimilarly coupled.Theinstabilitiesof the(s:u)coupling,for suf�ciently
longwave backgroundwaves,residein wavelengthsthatscalewith the reciprocalof thebackgroundwavelength.
This phenomenonis in striking contrastto (s:s)and(u:u) planewave instabilities,wherethewavenumbersof the
cross-phaseinstabilityscalewith thatof thebackgrounddata.Wefurtheridentify twononlinearmechanismsthatare
not sharedby like-channelnonlinear�elds: a pulsecompressionmechanismwherebya focusingplanewave �eld
dumpsenergy exponentiallyinto arelatively weakerdefocusingplanewaveatextremelyshortwavelengths;andan
instability suppressionmechanismwherebythemodulationalinstability of asuf�ciently longwavescalarfocusing
planewavecanbesuppressedby couplingto arelatively strongerdefocusing�eld. Eachof thesemechanisms,if the
modelequationscanberealizedin actualoptical�bre pulsepropagation,arepromisingwith regardto applications.

A moretechnicalresultof this paperis that thedimensionof instability in eachperturbative wavenumberis at
mostone,asin coupleddefocusingscalar�elds, but never two-dimensionalaswith coupledunstable�elds. The
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cross-phaseinstability betweenstableandunstable�elds only arisesat theexpenseof the focusinginstability of
theunstable�eld.

Theseobservationssuggestintriguingmechanismsfor controllingenergy transferbetweencoupled�elds, andthe
studyof many coupled�elds with combinationsof focusinganddefocusingchannelsseemsa worthwhilepursuit
in thegeneralstudyof nonlinearwave interactions.
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Appendix A. Analysisof the dispersionrelation

Thelinearizeddispersionrelationis abiquadraticequationof theform [8]:

� 4 � 6�� 2 � 4�� � � � 0� (A.1)

where

� � 1
6 
� 1� 2 � � 2� 2 � 8� 2 � 2	 2�� � � �
� 1� 2 � � 2� 2��

� � 
	 2 � 4� 2�
	 2 � 4� 2 � � 1� 2 � � 2� 2�� (A.2)

Furthermore,thefollowing quantitiesareusefulto understandtheroot structureof thebiquadraticequation:

� � � � 3� 2� � � HE � � 2 � � 3� � � � 3 � 27� 2� (A.3)

� is thediscriminantof thebiquadraticpolynomial.Sincethepolynomial’scoef�cients areall real thefour roots
are either (a) all real, correspondingto four centremodes,(b) two real and two non-realcomplex conjugates,
correspondingto two centremodes,oneunstablemodeandonestablemode,or (c) four non-real,two complex
conjugatepairs,correspondingto two unstablemodesandtwo stablemodes.

� Two rootsareequalif andonly if � � 0, this conditiongives us themarginal stability curvesandthetransition
curvesbetweentheabove threecases.

� If � � 0 thentherearetwo realrootsandtwo non-realroots.
� If � 
 0 thentherearefour non-realroots,unless� � 0 and� � 12� 2 � 0, in whichcaseall therootsarereal.

Thereforeatwo-dimensionalunstablemanifoldexistsfor speci�c valuesof �� �� �� 	 if andonly if (i) � 
 0 and
either� � 0 or � � 12� 2 � 0 or (ii) � � 0 andthereis adoubleconjugatepairof non-realroots.If case(ii) occurs,
thencase(i) mustoccur for somenearbyparametervalues.Thus,non-existenceof a two-dimensionalunstable
manifoldis equivalentto showing thatcase(i) cannotoccur. Case(i) cannotoccurif � � 0 and� � 12� 2 � 0 for
all parametervaluesor if � � 0 or � � 12� 2 � 0 impliesthat� � 0.

In thedefocusing–defocusingcase� 1 � � 2 � � 1 and

� � 1
6 
 � � 2 � � 2 � 8� 2 � 2	 2�� � � 12� 2 � 1

4 
 � 
� 2 � � 2� 2 � 32� 2
� 2 � � 2� � 64� 2	 2�� (A.4)

Both of theseexpressionsarenegative de�nite, thereforein the defocusing–defocusingcouplingit is impossible
to have a two-dimensionalunstablemanifold. This was illustratedin our previous work but not proven. In the
focusing–focusingcase� 1 � � 2 � 1 and all casesare possibleand we explicitly constructedthe boundaries
betweenthemusingthecriterion� � 0 to �nd thetransitioncurves,asshown in Fig. 2.
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In themixedfocusing–defocusingcase� 1 � 1 and� 2 � � 1. Thus

� � 1
6 
� 2 � � 2 � 8� 2 � 2	 2�� � � 12� 2 � 1

4 
 � 
� 2 � � 2� 2 � 32� 2
� 2 � � 2� � 64� 2	 2�� (A.5)

In thecasewhere� 2 � � 2 (i.e., thedefocusingchanneldominates),bothof thesequantitiesarenegative de�nite,
soit is impossibleto have a two-dimensionalunstablemanifold.If � 2 
 � 2 thenthefocusingchannelhasa larger
amplitudein thebackgroundplanewave. Both � and� � 12� 2 areinde�nite expressionsand,therefore,careful
analysisis requiredto show thatnotwo-dimensionalunstablemanifoldexists.Whatwill beshown is thatif � � 0
or � � 12� 2 � 0 then� � 0.

� If either� � 0 or � � 12� 2 � 0 or both,it is necessarythat	 2 � 
 1� 2�
� 2 � � 2� .
� � canbeexpandedin powersof � asfollows:

� � � 0 � � 2� 2 � � 4� 4 � � 6� 6 � � 8� 8�

where

� 0 � � 1
16
� 2 � � 2� 4
� 2 � � 2 � 	 2�	 2�

� 2 � � 
� 2 � � 2 � 2	 2�
� 2� 2
� 2 � � 2� 2 � 
 4
� 2 � � 2� 2 � 32� 4� 2 � 8� 2� 4�	 2

� 
 4
� 2 � � 2� 2 � 16� 2� 2�	 4��

� 4 � � 16

 3� 6� 2 � 21� 4� 4 � 3� 2� 6� � 
 6� 6 � 6� 4� 2 � 6� 2� 4 � 6� 2�	 2

� 
 � 22� 4 � 20� 2� 2 � 22� 4�	 4 � 32
� 2 � � 2�	 6 � 16	 8��

� 6 � � 256
� 2 � � 2 � 2	 2�
 3� 2� 2 � 4
� 2 � � 2�	 2 � 4	 4�� � 8 � � 4096
� 2 � 	 2�
� 2 � 	 2��

� It is clearthat� 0 � 0 and� 8 � 0 always.
� Using	 4 � 	 2
 1� 2�
� 2 � � 2� in � 2 andin � 6 shows that

� 2 � � 
� 2 � � 2 � 2	 2�
� 2� 2
� 2 � � 2� 2 � 2
� 2 � � 2�
� 4 � 6� 2� 2 � � 4�	 2� � 0�

� 6 � � 256
� 2 � � 2 � 2	 2�
 3� 2� 2 � 2
� 2 � � 2�	 2� � 0�

� Using	 8 � 	 6
 1� 2�
� 2 � � 2� in � 4 shows that

� 4 � � 16
3� 2� 2 � 21� 4� 2 � 3� 2� 6� � 96
� 2 � � 2�
� 2 � � 2� 2	 2

� 16
22� 4 � 20� 2� 2 � 22� 4�	 4 � 384
� 2 � � 2�	 6�

Theaboveexpressioncanbeanalysedasacubicpolynomialin 	 2. It will beshownthatif 0 � 	 2 � 
 1� 2�
� 2� � 2� ,
then� 4 � 0.Clearly, with theexceptionof thecoef�cient of 	 4, all thecoef�cients in � 4 arenegative. Also � 4 � 0
when	 2 � 0 andwhen	 2 � 
 1� 2�
� 2 � � 2� . Therefore� 4 canbepositive for somevaluesof 	 in 0 � 	 2 �

 1� 2�
� 2 � � 2� if andonly if thecubichasapositive localmaximumfor 0 � 	 2 � 
 1� 2�
� 2 � � 2� .

Theexplicit expressionfor the locationof themaximumof thecubiccanbeobtainedandrememberingthat
thelocalmaximummustoccurto theright of thelocalminimumfor acubicwith negative leadingcoef�cient, a
necessaryconditionfor theexistenceof thelocalmaximumin therequiredinterval is

 � 7� 4 � 26� 2� 2 � 7� 4 
 0�

Now thevalueof � 4 at thelocalmaximumis calculatedexplicitly to be


� 4� max �
1

243
� 2 � � 2� 2 
 4
13� 8 � 220� 6� 2 � 558� 4� 4 � 220� 2� 6 � 13� 6� 3� 2 � 4
� 4 � 4� 2� 2 � � 4�

� 
 451� 8 � 3122� 6� 2 � 7434� 4� 4 � 3122� 2� 6 � 451� 8���
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If theabovequantityis positive thenasimplecalculationshows that

0 � � 2916
� 2 � � 2� 2
 69� 20 � 1700� 18� 2 � 12611� 16� 4 � 41828� 14� 6 � 29476� 12� 8 � 84568� 10� 10

� 29476� 8� 12 � 41828� 6� 14 � 12611� 4� 16 � 1700� 2� 18 � 69� 20�

� � 2916
� 2 � � 2� 2

�
69
75  5 �

2 � 25054435� 2� 2

16807� 74  4 �
6 � 131773397� 4� 4

16807� 73  3

�
36 � 162365714� 6� 6

16807� 72  2 �
324� 57839663� 8� 8

16807� 7
 �

17992983600� 10� 10

16807

�

� 0�

Thusthereis acontradictionif � 4 is positive for 0 � 	 2 � 
 1� 2�
� 2 � � 2� .
� Finally,all thecoef�cients in theexpressionfor � arenon-positiveand� 0 isstrictlynegativeundertheassumptions;

so� � 0 andtherecanbeno two-dimensionalunstablemanifold.

Appendix B. A discussionof homoclinic orbits

For theintegrablesystem,propertiesof thelinearizedeigenfunctions,suchaswavenumberandrelativeamplitudes
of thecoupledchannels,directly in�uence theexactnonlinearhomoclinicorbits to thebackgroundplanewaves.
In fact the linearizedeigenfunctionsarelinear approximationsto the exact nonlinearhomoclinicorbits nearthe
backgroundplanewave. This specialintegrablepropertyis madeexplicit by Bäcklundtransformationswith the
addedconstraintof periodicityin � . Wereferto [9,11,15]for thescalarNLSequationanalysisandexplicit formulae,
andto [16,17]for theextensionto theCNLSsystemwith like-channels.Thefurtherextensiontodissimilarchannels
is relatively straightforwardandtheexplicit Bäcklundtransformationfor atwo-channelsolution
�� �� :� 
� 1� � 2�
to anew solution
 �� 1� �� 2� is

�� ! � � ! � 2i
" �
0 � " 0�

� ! #�
!

1 � � 1�#1�2 � � 2�#2�2
� (B.1)

where#! � $ ! � 1�$ 1, for ! � 1� 2, arethehomogeneouscoordinatesof thespatiallyperiodicwavefunctionof the
Lax paircorrespondingto thesolution
�� �� of theCNLSsystem.Thequantity" 0 is adistinguishedelementof the
spectrumof theLaxpairspatialoperator:it is chosentoproduceahomoclinicorbit approximatedbyadistinguished
unstablelinearizedeigenfunctionof thelinearizedCNLS system.A completeextensionof this formula,including
anexplicit constructionof thefull Darbouxtransformationof thewavefunctionsandpotentials,isgiven for arbitrary
numbersof stableandunstableCNLS �elds in [42].
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