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Abstract

We reportinstability structuresand nonlinearphenomenahat arisewhen unstableand stablenonlinearwave elds are
couplednonlinearly Thisinteractionis modelledwith anintegrablesystemof cubicnonlinearSchrédinge{NLS) equations
and planewave data. The linearizedanalysisis straightforvard, and robust to non-integrable perturbationsThe coupled
nonlinearSchrodinge(CNLS) modelis choserfor severalpurposesto contraspreviousresultsonwave couplingphenomena
for two stableor two unstableNLS elds; to exploit theraretoolsof integrability to explicitly constructindvisualizenonlinear
homoclinicmanifoldsassociatedvith theseinstabilities;andto work out resultsfor two coupledscalar elds asa modelfor
potentialapplicationof theseobsenationsto wave-division multiplexing of optical pulsepropagationFromearlierwork of
Forest,McLaughlin, Muraki andWright (2000),a nonlinearcouplinginstability arisesbetweerntwo stableor two unstable
scalarNLS elds, localizedin wavenumbersvhich scaleproportionalto the backgroundvave. Herewe shav the coupling
of astableandanunstableNLS eld createsnstability structuresat wavelengthsnverselyproportionalto the background.
Two dramaticphenomenaesultfor sufciently longwave backgroundiata:

a combinedenegy transferand pulsecompessionmedanism a focusingplanewave, coupledto a wealer defocusing
eld, transferenepgy atanexponentialrateinto thedefocusingeld atshortwavelengths;

a mechanismfor stabilizationof the modulationalinstability of focusingNLS belds longwave instabilitiesof a focusing
planewave canbe stabilizedby couplingto a strongemefocusingplanewave.
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1. Intr oduction

In physicalwave systemsvhereenegy-conservingpropagatioris governedby anasymptotichalancebetween
theeffectsof dispersiorandweaknonlinearity[29,45], thenonlinearSchrodinge(NLS) equatiorgenericallyarises
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atleadingorder The“focusing” scalafNLS equationis theclassicamodelfor themodulationalnstability of plane
waves in weakly nonlinear dispersie media;the instability saturatesitherin ervelopesolitons[4,5,18-20,29]
or in longwave oscillatorywavetraing[11,12,15]dependingon boundaryconditions,or in statisticalensemblein
certainlimits [7,22,35]

Whentwo or morepropagatingelds arenonlinearlycoupled suchasfor polarizatiormodesn birefringentbers
[1,2,6,19,26)Jacoupledsystenof NLS equationgrisesThescalarmodulationalnstabilityof theso-calledocusing
NLS scalarequatioris now recognizedsaclassicamechanisnof nonlineawaves,datingbackatleastto Benjamin
andFeir [4] in the context of waterwaves,Has@ava and Tappert[20] in nonlinearoptics,andmoregenerallyin
nonlinearWKB analysisof nonlinearwave equationg]5,27,38] The existenceof modulationalinstabilitiesin
couplednonlinearSchrédinge{CNLS) systemswas experimentallyand numericallyillustrated by Rothenbey
[32,33] andstudiedearlierasatheoreticalmodelby Rosle [31]. Instabilitiesof CNLS-typesystemdor solitary
wave datahave beenstudiedin thecontet of nonlinearoptics[6] andmoregenerallyby YangandBenney [43,44]

Therationalefor integrablemodelsfor theseclassicalinstabilitiesis twofold. First, theintegrablesystemshare
the essentialinstability mechanismsa fact [16,17,40,41]that was surprisingin regard to coupleddefocusing
NLSmodelsfor long-haulpropagatiorin normaldispersionbers [32,33] Secondjntegrablemathematicatools
[3,10-17,21,23,24,28,30,36,37,39—4&llpw completecharacterizationsf theinstabilities:

atthelinearizedlevel with the numberandgrowth ratesof unstablemodesfor planewaves,solitarywaves,and
muchlargerclasse®f periodicwavetrains;andwith explicit linearizedeigenfunctiongvenfor arbitraryperiodic
wavetrains;and

at the nonlinearlevel with characterizatiorof the entire unstablemanifold of eachunstablesolution; explicit
parametrization®f orbits homoclinicto planewaves or more generalperiodic wavetrains;and the geometry

of phasespacen termsof level setsof unstablesolutions,which is fundamentato the nonlinearsaturationof
instabilities.

Integrabletoolsarenearlycompletefor scalarequationsn onespacealimensionThelastremainingflundamental
guestionsurroundghe zerodispersiorlimit of thefocusingNLS equationwhich hasresistedanalysisuntil signif-
icantrecentprogresdy Kamvissisetal. [22], spurredby the numericalinvestigationsof Bronski[7]. In contrast,
themathematic®f integrablecoupledsystemsf PDEsin onespaceadimensioris far from complete thereaderis
referredto [16] for a progresgeportonthe CNLS systemwith detailedpropertiedor planewave datawhenboth
scalar elds arefocusing(i.e., unstable)r defocusing(i.e., stable).

Thecurrentpaperbeganfrom the simplemotivationto completethelinearizedanalysisof two CNLS equations,
addressindhe situationwhenonefocusingscalar eld is nonlinearlycoupledto onedefocusingscalar eld. The
phenomenahowever, are qualitativelydifferentand potentiallyusefulin applications The applicationwe have in
mind is for wavelength-dvision multiplexing of optical pulses.In this context, several differentwavelengthsare
usedascarriersof data,andthe ervelopeequationsonsistof CNLS-typesystemsMix edfocusinganddefocusing
scalar elds canariseby choosingwavelengthsthat crossover the anomalousand normaldispersiornregimesof
the optical bre. Suchoptical communicationsystemswould leadto large coupledsystemsof NLS ervelope
equationsyith mixed stableandunstablechannelsfor which our two-componensystemrepresentshe simplest
possiblemodel. The phenomenave develop herethenresidein amorecomplex dynamicsjncluding stable:stable
andunstable:unstablateractionsaswell.

For this paperwe considemplanewavesolutionsof the mixed CNLS system parametrizedby: thewavenumber

andamplitudes in thefocusing,defocusingelds, respectiely. (Theplanewave frequenciegollow easily
from the CNLS equationsseeEg. (4).)

We bring forward the salientfeaturesdevelopedin the body, sincethe mathematicabnalysisis tediousand
lengthy
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Fig. 1. Marginal stability curvesfor the defocusingequationswith equalintensity planewaves ( ), from [16]. The dimensionof L}

the unstablemanifold correspondingo eachwavenumbeiin the unstablesidebandsis one.Theinstability is cross-phasbecause is purely
imaginaryin the unstableregion, so 1. Thecross-phassidebandesonancéor the defocusingnstability of planewavesis, in general at
intermediatenvavelengths.

The dimensionof the stable:unstableouplinginstability in a givenperturbationwavenumbers at mostone
This agreeswith the coupleddefocusingsystem,recalledfrom [16] in Fig. 1, whereasthe coupledfocusing
systemcanhave two-dimensionalinstablebands(Fig. 2). The mixed systemthereforedoesnot supportsimul-
taneousross-phasandfocusinginstabilitiesin the samewavenumbeperturbationWe give a proof of this fact
in AppendixA, shaving that the cross-phas@nstability region arisesas a continuousdeformationout of the
focusing-dominatetbngwave instability region; detailsof theseinstabilitiesto shortwave perturbationglepend
ontherelative amplitudeof the backgrounglanewaves, , as evidencedby Figs.3-5

Intermediateand shortwavelengttstable:unstablés:u) planewavesi.e., for backgroundvavenumbers suf-
cientlylarge,donothavesidebandnstabilitiesat wavelengthsvhich scaleproportionalto thatofthebadkground,
which thestable:stablgFig. 2) andunstable:unstablé~ig. 1) couplingsalwayshave This qualitative featureis
robustfor all relative planewave amplitudeqseeFigs. 3-5. Thesidebandcouplinginstability for intermediate
andshortwaveplanewavess therefore a signatue of like-coupledcelds

Sidebandof instability appearfor long wavelength(s:u) planewaves ( 0) and scaleinverselywith the
wavelengthof the backgroundplanewave, i.e., minmax O ! . For longwavelengttplanewaves,.e.,
subcientlysmall, the relative amplitudesof the focusing  and defocusing Peldsbecomedistinguishing
factors of the detailsof theinstability bands
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Fig. 2. Marginal stability curves(solid curves)for the focusinginstability of planewaves with equalintensities( ), from [16]. Three

distinctregionsof instability canbeidenti ed in theunstablavavenumberegion: cross-phassidebandsvith oneunstablenodedenotedy  }

cross-phasé 1), across-phastansitionregionwith two unstablemodesdenotedoy 2 cross-phasgboth 1), andacentralself-phase
bandof two unstablemodesdenotedby 2 self-phasgonemode 1 andthe othermodeO 1). Theseregionsof instability are
separatetby dashedines.

Referto Fig. 3. For equalintensity plane wave solutions, , one instability band occurs,always
encompassinthescalarfocusingunstablevavenumberg ) andasymptotidco  as , but with
instabilitycutof . O 1 as 0, i.e., theinstability bandexpandsrapidly in the regime of longwave
planewaves.This providesthe rst evidenceof a completelynen phenomenospeci ¢ to the mixed system:
shortwaveinstabilitieson longwavebadgrounddata

Referto Fig. 4. When , i.e., thefocusing eld dominateghe backgroundiata,the longwave modu-
lationalinstability of thefocusing eld persistdor all backgroundvavenumbers , andthe shortwavelength
maginal stabilitycure . O 1, persistsThe mainqualitative featureis speci ¢ to the longwave (s:u)
CNLS coupling:a stabilizationof anintermediatébandof unstablewavenumbesy . Thisis the rst evidence
of intensity-dependerguppressionf instabilities.

Referto Fig. 5. Whenthe defocusinghadkgroundbelddominates , andthe datais sutbcientlylong-
wave( sufciently small),thenall intermediateand longwavemodulationalinstabilities are suppessed,;
leaving only the shortwave sidebandnstability. This leadsto an intriguing wave interactionphenomenon
which haspossiblephysicalapplications,e.g., one might engineera dramaticshift from a single-channel
longwave unstable focusing eld, by coupling to a more intense defocusing eld, to a shortwave
instability.
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Fig. 3. Marginalstability curves(solid curves)for themixedfocusing—defocusingstability of planewaveswith equalintensitieg 1).
The unstablemanifold is of dimensionone, L} throughoutthe unstableregion. The uted-glassshaperevealsthe presencef the coupling
instability atlow wavenumberdor the baseplanewave solution.The high wavenumbercutoff of theinstabilitybandscalesas . O 1 in
thelimit asthe backgroundvavenumber 0.

In all mixed eld (s:u)casesthe shortwavelengthinstability band,( min, max), collapsesas approache®

andscaleas O !,
Integrability of the CNLS systen25] affordstheadditionalmachineryof Backlundtransformation§9,12,17,34,
39,42]whichallows oneto explicitly constructheunstablenanifoldsof periodicwavetrainsj.e.,we canexplore
how the local linearizedinstabilitiessaturateén nonlinearspatialandtemporalstructuresA discussiorof the
Béacklundrransformatiors deferredintilanAppendixA. InFigs.6—9weimplementhisintegrabletransformation
to visualizethe homoclinicstructuresassociatedvith mixed stable:unstabl€NLS planewave interactionsWe
illustratewith exactsolutionsthevariationin homoclinicstructureswith respecto thefundamentaparameters:
therelative amplitudesandthe wavelengthof the backgroundelds.

2. The basicequations

Theintegrablegeneralizatiorof the NLS equatiorto atwo-componensystem25] is avectorform of thescalar
NLS evolution:

2.0 1)

Nl

| XX
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Fig. 4. Marginal stability curvesfor the mixed focusing—defocusin@stability of planewaves in the caseof intermediatedivision of intensity
betweerthetwo channelsyiz., 3and 1. Thedominanceof thefocusingchannein thebackgroundvave manifeststself in retention
of thewide “focusing” bandof low wavenumbeinstabilities,andthe shortwave instabilitieswhosecutoff scalesas ¢ O 1  inthelimit as
thebackgroundvavenumber 0. Theeffectof thedominantfocusingplanewave amplitudefor longwave planewaves, 0, isto stabilize
anintermediatevavelengthband,sothattheselong periodplanewaves have two instability bands pnelongwave andoneshortvave.

where  aretime andspacecoordinates(In nonlinearoptics,therolesof and arereversed.Denotingthetwo

component®f thevector by comple-valuedscalar elds and , the evolution canbe written asthe
coupledPDE system:
| XX % 1 2 2 2 0 I XX % 1 2 2 ? 0 2)

In boththe scalarandvectorcasesthe signof the nonlinearitydistinguishedwo evolutionsandtwo typesof bre
regimes: 1 2 1 correspondso focusingbehaiour andanomalouslispersionbers, while 1 2 1
correspondso defocusingoehaiour andnormaldispersionbers. In [16] thecoupledsystemwas shavn to possess
aninstability which occursevenwhenbothchannelaredefocusingi.e.,aninstability only presentn thenonlinear
couplingof thetwo elds.

A third integrableform of the equationsis the subjectof this study wherethe nonlinearity appearsas the
differenceof the squarednagnitudesf the componentgviz., 1 land » 1)—thisresultsin a hybrid
couplingwherebyone eld hasmodulationalnstability while the otherdoesnot, which we call the stable:unstable
(s:u)case.



M.G. Forest,0.C. Wright/ PhysicaD 178(2003)173D189 179

Fig.5. Marginalstability curvesfor themixedfocusing—defocusinmstability of planewavesin thecasewhenthedefocusinghannetlominates,

land 3. Thedistinguishingnew feature comparedvith the equalintensitystability diagramis the stabilizationfor longwave plane
waves (- small) of thefocusinginstability! For suchlong periodplanewaves with strongerdefocusingamplitude the instability bandsconsist
solelyof shortwave sidebandsvhosemin andmaxeachscalelike minmax O1 as 0.

3. Planewave stability analysis

Thesimplestexactsolutionto the CNLS equationss the planewave—a constanamplitude exponentialwave-
train:

0 ei kx 0 e| kx (3)
whosefrequeng is requiredto satisfytheamplitude-dependemlispersiorrelation:
2 3,2 50 4)

Thecomplecamplitudes  areconstantstherebyde ning awave having x edpolarization,.e.,awavewhere
the division of intensity betweenthe two components and is uniform in both time and space.In the abore
representationf the planewave, the wavenumberdor eachcomponentreassumedeal and have oppositesign
(without lossof generality),asin [16].

Thelinearizedstability of the planewave is easilyobtainedfrom FourieranalysisIt proves mostcorvenientto
introducethe disturbancejuantities and asmultiplicative perturbationgo the planewave:

0l 0ol %)
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Fig. 6. High-frequeng instability structures:a mixed focusing—defocusindiomoclinic orbit when the defocusingchannelis dominant,
1 3. This solutioncorrespondso aninstability in the side-band®f the & region of Fig. 5. Themodulusof eachscalarcomple
eld is shown, sotheorbitsarehomoclinicto the constanplanewave amplitudesThe backgrouncplanewave haswavenumber 02, i.e.,
period10 , the perturbationvavenumber 6 is the unstablethirtieth harmonic with non-reallinearizedeigervalue 632 0238,
whoseimaginarypart gives the linearizedgrowth rate of this unstablemode.Note thatthe orbits are shavn over only one-tenthof the period
of the backgroundplanewave, so thatthe homoclinicdegreesof freedomarevisible. The linearizedeigenfunctionsave focusing:defocusing
amplituderatio 8 95,viz., enepy is beingtransferredrom the strongerdefocusingchanneto thewealer focusingchannelWe emphasize
thatthelongwave instabilitiesassociateavith the decoupledocusingscalar eld have beenstabilizedfor this backgrounglanewave.

Keepingonly termslinearin  and andafterdirectsubstitutionof (5) into the CNLS equationg2), thelinearized
disturbanceequationdecome

. 1
i 2 o 2 2 0
1 2

i 2 X 0 (6)

Nll\) |\3|N
N

2
wherethesuperscript denotexomple conjugationBecausef theconjugatesn (6), theeigenfunctionsremost
convenientlyexpressedslinearcombinationof pureFouriermodes:

e e e e 7)

Fig. 7. A mixedfocusing—defocusingomoclinicorbit whenthe defocusingchannels dominant, 1 3. Themodulusof eachscalar
comple eld is shavn, sothe orbits appeathomoclinicto the constanplanewave amplitudesThe backgroundlanewave haswavenumber

1, the perturbationwvavenumber 1 isunstablewith non-reallinearizedeigervalue 233 0848i,whoseimaginarypartgives
thelinearizedgrowth rateof this unstablenode.Thelinearizedeigenfunctionsiave focusing:defocusingmplituderatio 1057,indicating
a growth dominatedby the focusingchannelasfor the Benjamin—Feitinstability of the scalarNLS equation.This solutioncorrespondso an
instabilityin thelongwave } region of Fig. 5.
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Fig. 8. A mixedfocusing—defocusingomoclinicorbit whenthe focusingchannelis dominant, 3 1. The modulusof eachscalar
complec eld is shavn, sothe orbitsappeahomoclinicto the constanplanewave amplitudesThe backgroundblanewave haswavenumber

1, the perturbationrwavenumber lisunstablewith non-realinearizedeigervalue 2064 2847i,whoseimaginarypartgives
thelinearizedgrowth rateof this unstablenode.Thelinearizedeigenfunction$ave focusing:defocusingmplituderatio 2 53, indicating
a growth dominatedby the focusingchannelasfor the Benjamin—Feirinstability of the scalarNLS equation.This solution correspondgo
instability in thelongwave } region of Fig. 4.

Theseeigenmodesreparameterizetly therealwavenumber of thedisturbanceandthe complex phasevelocity
, Wherea positive imaginarypartindicatesa puretemporalgronvth modeof instability in positive time. Substi-
tution into thelinearizedPDE’s (6) andcollectionof resonantermsresultsin four linearhomogeneousquations

for the Fourieramplitudes and . Notice that the averagedamplitudesover the period of the disturbances
are

2 2 2 2 2 2
Fig. 9. A mixed focusing—defocusingomoclinicorbit for a planewave with focusingchanneldominant, 3 1. The background
planewave wavenumbelis 0 5; the perturbationvavenumber 3isunstablewith linearizedeigervalue 2054 0808iwhose

imaginarypartgives the linearizedgrowth rate. The homoclinic structureassociateavith the unstablesixth harmonicmodeis shavn over a
half-period(2 ) of the backgroundchblanewaves.Thelinearizeddisturbancénasthe focusing:defocusingmplituderatio 0183,implying

localunstableenepgy transferfrom the strongerfocusingchanneto thewealer defocusingchannehtthe onsetof theinstability. Thislinearized
predictionis realizedin the nonlinearhomoclinicstructurewith signi cant dumpingof enegy into thedefocusingeld. Theinstability resides
neartheintersectiorof the cross-couplingidebandandthefocusing |} region of Fig. 4.
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Theeigervalue andtheeigervector t of thelinearizedproblemmustsatisfythe system:
1 2 2 2
2 —= — 0
2 2
1 2 2 2
2 —= — 0
2 2
1 2 2 2
2 —= e 0
2 2
1 2 2 2
2 —= e 0 8
5 5 (8)

Solvability for this systemrequiresthat the determinanbf the matrix of coefcients vanish—thisdetermineghe
dispesionrelationfor linearizeddisturbances

[ 22 (2 21 22 5,2 21 ., %220 (9)

yielding aquarticpolynomialfor the comple frequeng in termsof thedisturbancavavenumbers 0 and
theplanewave parametersf Othenthedeterminanbf thematrixof coefcients isidenticallyzero sothisfactor
hasbeenremoved from the dispersiorrelation.For realwavenumbers , the polynomialhasreal coefcients and
thereforecomplexroots  occurin conjugatepairs.Thoserootswith non-zeramaginarypartcorrespondo linearly
unstablenodeswith growth rate Im . Furthermorehepolynomialonly contains 2, whichre ectsthecon-
jugatesymmetryof theeigenmodessoit is sufcient to consideonly 0. Thecomponentsf theeigervectorare

3 2 2 2
3 2 2 2
3 2 2 2
3 2 2 (10)
Thechannelratio of theamplitudef thelinearizeddisturbancesn the -channeland -channels
2 2 2 2 2 2 2 2 2
— (11)
2 2 2 2 2 2 2 2

Notethat,since and arerealquantitiesjf is purelyimaginarythenthechannetatio is exactlyequalto unity.

3.1. Defocusing:defocusingnarginal stability curves[16]

The (s:s) systemhasno instabilitiesif eitherof the two planewave amplitudesis zero; indeed,all periodic
wavetrainsare modulationallystable[15]. Yet a new instability is bornin the nonlinearcoupling, of relevance
here,whene&er plane waves have unequalwavenumbers Since comple eigervaluesoccurin conjugatepairs,
the maiginal stability condition (correspondingdo a transitionin stability) coincideswith the conditionsfor the
dispersiomrelation(9) to have arealdouble-rootThevanishingof thediscriminant providesanecessargriterion
for this double-root.

Analysisof this polynomialconditionallows for the determinatiorof the boundarybetweerregionsof stability

andinstability in the spaceof parameters 2 2 Thediscriminantsimpli es greatlyin thespecialcaseof a
planewave having equalintensitiesin bothcomponentsyiz., 2 2 andthebandof unstablenormalmodes
is given by

42 2 2 42 (12)

where 2 2 2 2 Zrepresentshetotal intensityof the planewave.
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The region of instability is thusboundedby a hyperbolaandits asymptotesTheseare shavn by solid curves
in Fig. 1, wherethe wavenumbers and have beennormalizedon the amplitude . If we allow the division
of intensityto becomeunequalthe -bandwidthof the unstablemodesshrinks,while the shapeof the maginal
stability boundariesemaingyualitatively similar (se€[16]). When therealpartof intheunstableegion
is small,so 1,i.e.,qualitatively the disturbances cross-phase.

3.2. Focusing:focusingnarginal stability curves[16]

Nonlinearlycoupledunstableplanewaves aresubjectto bothself-phasdocusinginstabilities(where0 1
or 1) andcross-phaseouplinginstabilities(where  1). Themaginalstability curvesin wavenumber—space
areshavnin Fig. 2 for thecaseof equalamplitudesn eachpolarization Thedimensiorof theunstablemanifoldand
the qualitativenatureof theinstability variesasthe wavenumbeiparametersnove throughouthe unstableregion.
Thedimensiorof theunstablemanifoldcorrespondingo agivenwavenumbeis foundfrom theeigenmoddasisof
thelinearizedequationThenon-localqualitatve natureof theinstabilitiesis revealedby the globalconstructiorof
the correspondindnomoclinicorbit usinga BacklundtransformationNote thatthe Backlundtransformatiorused
to obtainthe correcthomoclinicorbit depend®ntheone-to-oneorrespondendeetweertheeigenmodefor each
wavenumbei(for both Oand 0 separatelyandthe Floquetspectrapointsasdiscusseelsavhere[16,17]

In orderto explain the instability diagramof Fig. 2, two typesof non-localbehaiour generatedy individual
eigenmodesnustbedistinguished:

Cross-phasestabilitieswherethechannetatio 1. Qualitatively, thereis anequalexcitationof eachchannel
by theinstability. Theenengy is sharedy thetwo co-propagatinghannels.
Self-phasénstabilities,wherethechannekatio O lor 1. Qualitatively, thedisturbances greatelin
onechannelthanin the otherchannel.The instability modeis primarily associateavith onechannelalthough
thereis somesharingof enegy asdictatedby therelative intensitydistribution of the backgrouncplanewave.

In thecaseof equaldivision of intensityin thetwo channelg ) thepictureis very clearbecaus¢hereis a
symmetnyin thedispersiorpolynomialthatforcesroots tocomein positveandnegativerealpartpairs,in addition
to complex conjugatepairsfor non-realroots. Thus,Fig. 2 canbe dividedinto threedistinctregionsof instability:

Cross-phase l. Theunstablemanifoldis a cross-phasistability of dimensionone,herethereis onecomplex
conjugatepair only of purelyimaginaryroots , and 1.

Cross-phase 3 The unstablemanifold is a cross-phasénstability of dimensiontwo, becauseahereare two
complex conjugatepairsof roots , both with 1. Both unstableeigenmodegjeneratecross-phasdistur
bancesAs thewave parametersrossthe boundaryfrom ul to 5 cross-phasdheoriginal intermediate-\ave
cross-phasdisturbances preseredbut a new longwave cross-phasestability is generatedvith large spatial
structure As the wave parametersnove toward the boundarywith the 5 self-phaseegion, the scalesof the
disturbancegeneratethy thetwo unstablecross-phassmodesecomeomparableasthetwo comple« conjugate
pairsof pureimaginaryroots coalesce.

Self-phase 5 Theunstablemanifoldis a self-phaseénstability of dimensiontwo, thereis acomple conjugate
pairof  correspondingo 1 andanotherpair producing0 1. Both unstableeigenmodegenerate
self-phasalisturbancesOneeigenmodexcitesthe -channelmorethanthe -channelwhile the otherexcites
the -channeimorethanthe -channelThe self-phasenatureof eachinstability becomedesspronouncedear

theboundarywith the 2 cross-phasesgion, andbecomesnorepronounceds

It is worthemphasizinghatthe qualitative non-localstructureof theinstabilitiesvariescontinuoushasthewave
parametersary continuouslywithin the unstableregion.
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3.3. Mixedfocusing:defocusinghamginal stability curves

Whereadhe defocusing—defocusingguationgpossessnly the cross-couplingnstability, the mixed focusing—
defocusingequationsexhibit both the single-channeBenjamin—Feilongwave instability and intermediateand
shortwave sidebandnstabilitiesin which thereis signi cant enegy transferbetweerthe two channelsAs sum-
marizedin Sectionl, the scalingpropertiesof the sidebands, minmax O 1, are dramaticallydifferentfor
the (s:u) CNLS system.Moreover, asa resultof the analysisin AppendixA, the (s:u) instability for eachunsta-
ble is one-dimensionalTherefore gventhoughthe systemhascouplingandBenjamin—Feifocusinginstability
propertiesthey do not co-&ist in a single unstablewavenumberAs reportedin Sectionl, detailsof the mixed
instability structureslependntherelative strengthof thefocusinganddefocusindackgrounglanewave solution.
Consequentlyve divide thefollowing discussiorinto threecases: , , and

Equalintensitybadkgroundplanewavesolutionsof the mixedfocusing—defocusingquationdave the marginal
stability curve diagramshaown in Fig. 3, assuming 1. The uted “martini glass”shaperevealsthe
presencef the one-dimensional ul cross-couplingnstability in thetop of the glassfor very low wavenumber
planewaves. The unstablewavenumberbandof the focusingscalar eld is always presentbut the coupling
introducesnew length-scale®f instability. Thereareunstablemodesof intermediateandhigh wavenumberas
thebackgroundplanewave is endavedwith largerperiod( 0). The stemof the glasscontainghe usuallow
wavenumbemBenjamin—Feione-dimensional } instability of thefocusingchannel An asymptoticanalysisof
the discriminantof the linearizedinstability polynomial shavs that the high wavenumbemaiginal instability
cune scalesas O 1!as 0. This scalingis preseredfor all valuesof and in the mixedcase.
The structureof the cross-couplingnstability is revealedby allowing the relative amplitudeof the background
planewave solutionto vary.

Defocusing-dominatedadgroundplanewavesolutions If unequalamplitudesfavour the defocusingchannel
( 1 3 & in Fig. 5), a remarkablé‘dip in the middle of the martini liquid surface” emeges.This
impliesthe shortwave instability of long periodplanewaves persistshut the classicalBenjaminbeEir longwave
instability of thoselong wavelengtiplanewavesds stabilized!

Thelongwave instability bandis regainedfor sufciently shortwavelengthplanewaves,approximately 1
in thisparticulardiagram Asthebackgroundvavelengthgrows, i.e.,in thestemof themartiniglassthelinearized
eigenfunctiorratio 1; in fact as and O 1, indicatingthatenegy of theseunstable
solutionss pumpednto thefocusingchannelThus thisis aself-phaséocusinginstability phenomenowhichis
nothingotherthanthetraditionalBenjamin—Feimstabilityof thescalaNLS equationHowever, astheparameters
move into the sidebandarms i.e., Oand O1 , continuouslyapproachea nite limit determined
by the planewave amplitudesWe provide someanalyticaldetailsnecessaryo determingheimportantfeatures.
Asymptoticallyas 0,thereis anupperandalowerboundaryto theunstableegionenclosedy thesidebands:

1 51 ab 3 5
upper é - 2_ 32 2 O

1 1 ab
lower 3 22 2— 32 73 3 o0 5

Ontheupperboundarywe nd therearefour rootsof  of which two arerepeated:

1 1 ab
repeated g 22 32 7} S o °®

1 1 2 2
s =4 32 3
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Unstablemodesareassociateavith thesplitting of therepeated rootsinto acomplex conjugatepairinsidethe
unstablesidebandegion.
Theasymptotichehaiour of the“channelratio” for theseunstablenodess

2

—20 as 0

Noticethat isde nedas 2 2 thenormalizedratio of themagnitudeof thefocusingto the defocusing

lineareigenmodedyut theasymptotidimit is theratio of themagnitudeof thebackgroundiefocusinglanewave
to thefocusingplanewave, i.e.,theinverserelationto theoriginal de nition. Thisdemonstratethephenomenon
of enegy transferfrom the strongetto thewealer channel.

Thus,for nearzero,whenthe backgroundplanewaves have equalintensity i.e., , theinstability
waveform also sharedntensity equally but whenthe backgroundplanewaves are unbalancedthe instability
structurgendsto reversetheimbalance Figs.6—-9containcomputer-generategtaphsof theseexacthomoclinic
orbits.We deferadiscussiorof how thesehomoclinicorbitsaregeneratedio AppendixB. Theunstablanodesn
thesideband®ef themixed CNLS equationswvith backgrounglanewaves of unequalmagnitudealwaystransfer
enegy from the strongerto the wealer channel This suggestshatthe shortwave instability for small leadsto
equalsharingof enegy amongthelinearizeddisturbanceigenfunctionssothefocusingchannewwill gainsome
enepy (storedin very small wavelengths)relative to the strongerdefocusingchannel,but remainthe wealer
channel.

Focusing-dominatetdiadkground planewavesolutions Whenunequalamplitudesfavour the focusingchannel
( 3 1), themaminalstability curvesareshovn in Fig. 4. Thefocusingbandof unstableavavenumbers,
whenthe focusingamplitudeis equalor dominant,is retainedfor all backgroundperiods.And the shortvwave

instability asthe planewave periodbecomesinbounded, 0, is alsoretainedfrom the equalintensity case
Fig. 3. However, theintermediatevavenumbeperturbation$or long periodplanewavesarestabilized As before,

inthecentralbandnearby 0, thelinearizeddisturbancehannelatio 1, favouringthefocusingchannel;
as 0 in the sidebandnstability region, 1 9, indicatingthatenengy is beingpumpedinto the wealer

defocusingchannel.Using the Backlundtransformatiorof integrabletheory[17,39], the nonlinearwaveforms
generatedy typical instabilitiesin this lastcaseareobtainedexplicitly in Figs.8 and9.

4. Conclusion

Thenonlinearcouplingof two planewave elds, onemodulationallystableandoneunstablehasbeerstudiedrom
thepointof view of instability structuresTheinteractiondeadto new qualitatve phenomenaot sharedvhentwo
stableor two unstableplanewave elds aresimilarly coupled.Theinstabilitiesof the(s:u)coupling,for sufciently
longwave backgroundvaves,residein wavelengthshat scalewith the reciprocalof the backgroundvavelength.
This phenomenoris in striking contrastto (s:s)and(u:u) planewave instabilities,wherethe wavenumberf the
cross-phasmstability scalewith thatof thebackgroundiata We furtheridentify two nonlineamechanismghatare
not sharedby like-channehonlinear elds: a pulsecompressiomimechanisnwherebya focusingplanewave eld
dumpsenegy exponentiallyinto arelatively wealer defocusingplanewave atextremelyshortwavelengthsandan
instability suppressiomechanisnwherebythe modulationalnstability of a sufciently longwave scalarfocusing
planewave canbesuppresselly couplingto arelatively strongeidefocusingeld. Eachof thesemechanismsf the
modelequationcanberealizedin actualoptical bre pulsepropagationarepromisingwith regardto applications.

A moretechnicalresultof this paperis thatthe dimensionof instability in eachperturbatve wavenumbeliis at
mostone,asin coupleddefocusingscalar elds, but never two-dimensionakswith coupledunstableelds. The
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cross-phas@stability betweenstableandunstable elds only arisesat the expenseof the focusinginstability of
theunstableeld.

Theseobsenationssuggesintriguingmechanisméor controllingenegy transfetbetweercoupled elds, andthe
studyof mary coupled elds with combinationf focusinganddefocusingchannelseemsa worthwhile pursuit
in thegeneraktudyof nonlinearwave interactions.
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Appendix A. Analysis of the dispersionrelation

Thelinearizeddispersiorrelationis a biquadraticequationof theform [8]:

46 2 4 0 (A.1)
where
% 1 2 2 2 38 2 2 2 1 2 2 2
2 4 2 2 4 2 1 2 2 2 (A.Z)

Furthermorethefollowing quantitiesareusefulto understandheroot structureof the biquadraticequation:
3 2 HE 2 8 3 2772 (A.3)

is the discriminantof the biquadraticpolynomial.Sincethe polynomial’scoefcients areall realthefour roots
are either (a) all real, correspondingo four centremodes,(b) two real and two non-realcomplex conjugates,
correspondingo two centremodes,one unstablemodeand one stablemode,or (c) four non-real,two comple
conjugatepairs,correspondingo two unstablemodesandtwo stablemodes.

Two rootsareequalif andonly if 0, this conditiongives us the maginal stability curvesandthetransition

curveshetweertheabore threecases.

If 0 thentherearetwo realrootsandtwo non-realroots.

If 0 thentherearefour non-realroots,unless Oand 12 2 0,inwhichcaseall therootsarereal.

Thereforeatwo-dimensionalinstablenanifold existsfor speci ¢ valuesof if andonlyif (i) Oand
either Oor 12 2 Oor (i) 0 andthereis adoubleconjugatepairof non-reakoots.If case(ii) occurs,
thencase(i) mustoccurfor somenearbyparametewalues.Thus, non-«istenceof a two-dimensionalunstable
manifoldis equivalentto shawving thatcase(i) cannotoccur Case(i) cannotoccurif Oand 12 2 Ofor
all parametewaluesor if Oor 12 2 Oimpliesthat 0.

In the defocusing—defocusingase 1 2 1land

% 2 2 g2 952 12 2 711 2 22 gp2 2 2 gu22 (A.4)

Both of theseexpressionsare negative de nite, thereforein the defocusing—defocusingouplingit is impossible
to have a two-dimensionalunstablemanifold. This was illustratedin our previous work but not proven. In the
focusing—focusingase 1 2 1 andall casesare possibleand we explicitly constructedhe boundaries
betweerthemusingthe criterion 0to nd thetransitioncurves,asshavnin Fig. 2.
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In themixedfocusing—defocusingase ;1 land » 1. Thus

%2 2 82 22 122 % 2 22 3222 2 6422 (A.5)

In the casewhere 2 2 (i.e., the defocusingchanneldominates)poth of thesequantitiesare negative de nite,
soit is impossibleto have a two-dimensionalinstablemanifold. If 2 2 thenthe focusingchannehasa larger
amplitudein the backgrouncplanewave. Both and 12 2 areinde nite expressionsand,therefore careful
analysigs requiredto shawv thatno two-dimensionalinstablemanifold exists. Whatwill beshavn is thatif 0
or 12 2 Othen 0.

If either Oo 12 2 OQorboth,itisnecessarthat 2 12 2 2,
canbeexpandedn powersof asfollows:

2 4 6 8
0 2 4 6 8

where

2 24 2 2 2 2

=}
&=

2 2 92 222 22 42 22 3042 g24 2
42 22 1522 4
. 16 362 2144 326 66 642 24 g2 2
224 2022 224 4 322 26 168
. 56 2 2 922322 42 22 44 o 4006 2 2 2 2
Itisclearthat ¢ Oand g Oaways.
Using * 212 2 2in andin gshavsthat

) 2 2 5,2 222 22 52 2 4 g22 42 g
3 256 2 2 92322 52 22 g
Using 8 %12 2 2 in 4shavsthat

4 16322 2142 326 962 2 2 22 2
16224 2022 224 4 384 2 26

Theaboveexpressiortanbeanalysedisacubicpolynomialin 2. Itwill beshovnthatif 0 2 12 2 2|
then 4  0.Clearly, with theexceptionof thecoefcient of 4, allthecoefcientsin 4arenegative. Also 4 0
when 2 Oandwhen 2 12 2 2 Therefore 4 canbepositive for somevaluesof in0 2
12 2 2 if andonlyif thecubichasapositve localmaximumforo 2 12 2 2.

The explicit expressiorfor the locationof the maximumof the cubic canbe obtainedandrememberinghat
thelocal maximummustoccurto theright of thelocal minimumfor a cubicwith negative leadingcoefcient, a
necessargonditionfor the existenceof thelocal maximumin therequiredinterval is

74 2622 74 0

Now thevalueof 4 atthelocal maximumis calculatedexplicitly to be

4 max

8 6 2 44 26 632 4 22 4
m413 220 558 220 13 4 4

4518 312262 743444 312226 4518
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If theabove quantityis positive thena simplecalculationshavs that

0 2916 2 226920 1700182 12611164 41828146 29476128 ga56g810 10
294768 12 418286 14 126114 16 17002 18 69 20

,o 695 2 2505443522 , 6 13177339744 ,
75 16807 74 16807 783

2916 2

36 1623657145 6 , 324 57839663% 8 179929836000 10
16807 72 16807 7 16807

Thusthereis a contradictionf 4ispositvefor0 2 12 2 2.
Finally, allthecoefcients intheexpressiorior arenon-positveand g isstrictly negatveundertheassumptions;
SO 0 andtherecanbe no two-dimensionalinstablemanifold.

Appendix B. A discussionof homoclinic orbits

For theintegrablesystempropertie®f thelinearizedeigenfunctionssuchaswavenumberndrelativeamplitudes
of the coupledchannelsdirectly in uence the exact nonlinearhomoclinicorbits to the backgroundplanewaves.
In factthe linearizedeigenfunctionsare linear approximationgo the exact nonlinearhomoclinic orbits nearthe
backgroundplanewave. This specialintegrablepropertyis madeexplicit by Backlundtransformationsith the
addecconstrainbf periodicityin . Wereferto[9,11,15]for thescalamLS equatioranalysisandexplicit formulae,
andto[16,17]for theextensionto the CNLS systemwith like-channelsThefurtherextensionto dissimilarchannels
is relatively straightforvardandtheexplicit Backlundtransformatiorfor atwo-channebolution : 1 2
toanew solution 1 2 is

!#1
1 1#12 #°2

where#y $, 1$1,for! 1 2,arethehomogeneousoordinate®f the spatiallyperiodicwavefunctionof the

Lax pair correspondingo thesolution of theCNLS systemThequantity" ¢ is adistinguishedelemenbf the

spectrunof theLax pairspatialoperatorit is choserio produceahomoclinicorbit approximatedby adistinguished
unstabldinearizedeigenfunctiorof the linearizedCNLS system A completeextensionof this formula,including

anexplicit constructiorof thefull Darbouxtransformatiorof thewavefunctionsandpotentialsjs given for arbitrary

numbersf stableandunstableCNLS elds in [42].

(B.1)
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