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The average of the forward and backward di¤erence operators is

(3.46)
1
2

(¢+ + ¢¡) = 2 sinhkD .

Note that the centered di¤erence operator δ can be expressed as the average of the
forward and backward operators for a half step size, so we obtain

(3.47) δ = 2 sinh
kD
2

,

from where

(3.48) D =
2
k

arcsinh
δ
2

.

The Taylor series expansion of arcsinh x around x = 0 is

(3.49) arcsinh x = x ¡ x3

6
+

3x5

40
¡ 5x7

112
+

35x9

1152
¡

so the …rst few terms from (3.48) are

(3.50) D =
1
k

µ
δ ¡ 1

24
δ3 ¡ 3

640
δ5 ¡ 5

7168
δ7 +

35
294912

δ9 ¡ . . .
¶

.

Notice that the series only contains odd powers of δ. We can show by induction
that truncation of the series at δ2n¡1 gives a formula of O(k2n) accuracy.

4. Common …nite di¤erence methods

Let us now consider how numerical algorithms may be built to solve the IVP
(2.1) using …nite di¤erences.

4.1. Taylor series. The basic task of a …nite di¤erence method that solves
(2.1) numerically is to furnish a value at the next time step q(t + k) in terms of
known values at previous time steps. An immediate way of doing this is by use of
a Taylor series expansion

(4.1) q(t + k) = q + kq0 +
k2

2!
q00 +

k3

3!
q000 + . . .

To ease notation, function arguments not explicitly written out are considered to
be t, i.e. q0 means q0(t). The ODE speci…es that q 0 = f (t, q). From this we can
compute higher derivatives

(4.2) q00 =
d
dt

f (t, q(t)) = ft + fqq0 =

(4.3) q000 =
d
dt

q 00 =
d
dt

(ft + fqf ) = ftt + ftqf + (fqt + fqqf ) f + fq (ft + fqf )

Truncation of the Taylor series to various orders leads to the algorithms:
(1) O(k), Euler’s method

(4.4) Qn+1 = Qn + kf (Qn)

(2) O(k2)

(4.5) Qn+1 = Qn + kf (Qn) +
k2

2
[ft(Qn ) + fq(Qn)f(Qn)]



26 3. INIT IAL VALUE P ROB LEM S FOR O RDINARY DIFFERE NT IAL EQUAT IO NS

(3) O(k3)
(4.6)

Qn+1 = Qn + kf +
k2

2
[ft + fqf ] +

k3

6
[ftt + ftqf + (fqt + fqqf ) f + fq (ft + fqf )]

with f and its derivatives evaluated at Qn .
Formulas of arbitrarily high order can be built up through this procedure but

evaluation of all the derivatives of f is tedious. In recent years the symbolic com-
putational capabilities of computers has led to renewed interest in the Taylor series
method.

4.2. Runge-Kutta methods. The Runge-Kutta class of methods aims to
achieve arbitrary accuracy not by evaluating the function f and its derivatives at t
but just by evaluations of the function f at various points in the interval [t, t + k ].
The general form of a Runge-Kutta method is

(4.7) q(t + k) = q(t) +
sX

l=0

γlfl

where fl denotes evaluation of the function f at

(4.8) tl = t + αlk

(4.9) q l = q(t) + k
sX

m=0

βl,mfm

Essentially this amounts to replacing the Taylor series expansion (4.1) with
a weighted average of the values of f along the integration step. Two common
Runge-Kutta methods should be known to all practitioners of numerical methods.

(1) A common two-stage Runge-Kutta method

K1 = k f(tn , Qn)(4.10)

K2 = k f(tn + k/2,Qn + K1/2)(4.11)

Qn+1 = Qn + K2(4.12)

(2) A common four-stage Runge-Kutta method

K1 = k f(tn , Qn)(4.13)

K2 = k f(tn + k/2,Qn + K1/2)(4.14)

K3 = k f(tn + k/2,Qn + K2/2)(4.15)

K4 = k f(tn + k, Qn + K3)(4.16)

Qn+1 = Qn +
1
6

(K1 + 2K2 + 2K3 + K4)(4.17)

4.3. Linear multi-step methods. Linear multi-step methods (LMM) carry
out the weighted average idea one step further and postulate a relationship of the
form

(4.18)
rX

j=0

ajQ(n+j) = k
rX

j=0

bjf (t(n+j), Q(n+j))

so we not only have a weighted average of the f values but also of the function values
Q. Note that r starting values

©
Q(0), Q(1), . . . , Q(r¡1)

ª
are needed to apply (4.18),
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but only one initial condition Q(0) = q0 is apparent from the IVP. The additional
starting values are determined by some other procedure, for example by applying
a Runge-Kutta method to determine

©
Q(1),Q(2), . . . , Q(r¡1)

ª
. It is convenient to

de…ne a LMM by the polynomials

(4.19) ρ(ζ) =
rX

j=0

aj ζ j, σ(ζ) =
rX

j=0

bjζ j .

Some common LMM methods are:
(1) r-step Adams-Bashforth methods

(4.20) ρ(ζ) = ζr ¡ ζr¡1, σ(ζ) =

5. Linear di¤erence equations

Relations such as (4.18) arise frequently in both ODE and PDE methods and
it is important to be able to analyze the induced behavior. Consider the …nite
di¤erence equation

(5.1)
rX

j=0

ajQ(n+j) = 0 .

We wish to …nd solutions to this equation given r initial conditions Q(0), Q(1), . . . , Q(r¡1),
that is to …nd the sequence

©
Q(l)

ª
l¸r

. Parantheses around superscripts are useful
here in order to more easily distinguish between exponents and superscripts. We
try to …nd solutions of the form

(5.2) Q(l) = ζ l

where ζ is some non-zero constant (ζ = 0 leads to uninteresting, trivial solutions).
We see that ζ must satisfy the polynomial equation

(5.3) ρ(ζ) =
rX

j=0

ajζ j = 0 .

called the characteristic equation of the linear di¤erence equation (5.1). Similarily
ρ(ζ) is called the characteristic polynomial. Let ζ1, ζ2, . . . , ζr be the roots of the
characteristic polynomial

(5.4) ρ(ζm) = 0, m = 1, 2, . . . , r .

Since (5.1) is linear, a linear combination of the roots is also a solution. The general
form of the solution is

(5.5) Q(n) =
rX

j=0

cjζn
j .

The constants cj are determined from the initial conditions

(5.6)
rX

j=0

cj ζl
j = Q(l), l = 0, 1, . . . , r ¡ 1

a linear system of r equations and r unknowns.


