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that in the Lax-Wendro¤ scheme the computational stencil already included Qn
j¡1,

Qn
j , Qn

j+1 from the approximation of the …rst derivative qx . Since the second order
accurate approximation of qxx does not widen the stencil there is no penalty in using
the more accurate, second order approximation of qxx . In the one-sided scheme we
are deriving here however, using a second order accurate approximation of qxx
would involve widening the computational stencil to include Qn

j¡3. This increases
the arithmetic cost of applying the formula without noticeable gain so we choose
to use an O(h) approximation of qxx . Combining the above results we obtain

(1.43) Qn+1
j = Qn

j ¡uk
2h

¡
3Qn

j ¡ 4Qn
j¡1 + Qn

j¡2
¢
+

1
2

µ
uk
h

¶2 ¡
Qn

j ¡ 2Qn
j¡1 + Qn

j¡2
¢

for u > 0, which is known as the Beam-Warming scheme.
1.1.3. Stability analysis. We now turn to the analysis of the stability of the

various schemes introduced above. The analysis can be done using the techniques
for systems of ODE’s or using Von Neumann analysis. We shall carry out both
procedures.

Semi-discretized system. The matrix B arising in the semi-discretized approach
is skew-symmetric and will have purely imaginary eigenvalues. We can check this
by explicitly calculating the eigenvalues. As usual, we guess that

(1.44) Wp =
£

eiph eip2h ¢ ¢ ¢ eipjh ¢ ¢ ¢ eipMh
¤

will be an eigenvector since B discretizes a derivation operator. Computing the jth

component of BWp we get

(1.45) (BWp)j = eip(j+1)h ¡ eip(j¡1)h = 2isin ph eipjh = 2i sin ph (Wp )j

so the eigenvalue associated with Wp is

(1.46) λp = 2i sin ph

and is indeed purely imaginary.
To establish the stability region for the FTCS method (??) we use the eigen-

values λ of B in the criterion

(1.47) j1 + zj · 1

with z = kλ. It is immediately apparent that the scheme will be unconditionally
unstable because λ is purely imaginary λ = ai so

(1.48) j1 + zj =
p

1 + a2 > 1

for all a > 0.
The interval of stability for the midpoint scheme is Re z = 0, jIm(z)j · 1. Here

we would have

(1.49) z = ¡uk
h

isin ph

and the method is stable for

(1.50)
¯̄
¯̄uk

h

¯̄
¯̄ · 1 .
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Von Neumann analysis. Obtaining analytical expression for the matrices arising
from the semi-discretized approach becomes increasingly di¢cult as we use more
accurate approximations of the derivatives in the PDE or study PDE’s more com-
plex than the advection equation. Von Neumann analysis is typically simpler to
apply. We start by determing the stability region for the FTCS scheme (1.13).
Substituting a typical wavemode Qn = Q̂neiξ jh we obtain

(1.51) Q̂n+1eiξjh = Q̂neiξjh ¡ uk
2h

³
Q̂neiξ (j+1)h ¡ Q̂neiξ(j¡1)h

´
.

The ampli…cation ratio is

(1.52) G =
Q̂n+1

Q̂n
= 1 ¡ uk

h
i sin ξh

which is always greater than 1

(1.53) jGj ¸ 1 .

Thus the scheme is unconditionally unstable as we expected from the semi-discretized
stability analysis done above.

For the Lax-Friedrichs scheme we obtain
(1.54)

Q̂n+1eiξjh =
1
2

³
Q̂neiξ(j+1)h + Q̂neiξ(j¡1)h

´
¡ uk

2h

³
Q̂neiξ(j+1)h ¡ Q̂neiξ (j¡1)h

´

and the ampli…cation factor is

(1.55) G = cos ξh ¡ uk
h

isin ξh

Let us introduce the notation

(1.56) ν =
uk
h

, θ = ξh .

The stability condition is that

(1.57) jGj = cos2 θ + ν2 sin2 θ · 1 = cos2 θ + sin2 θ

from where we obtain

(1.58)
¡
ν2 ¡ 1

¢
sin2 θ · 0 .

The inequality is satis…ed for

(1.59) jνj · 1 .

The quantity ν that appears repeatedly in analysis of numerical schemes for the
advection equation is known as the Courant-Friedrichs-Lewy number or more con-
cisely as the CFL number. We say that the Lax-Friedrichs scheme is stable for CFL
numbers up to 1, it being implicitly understood that we’re considering the absolute
value of the velocity juj. From the stability criterion we obtain a bound on the time
step that we can use in the Lax-Friedrichs scheme

(1.60) k · h
juj .

For the Lax-Wendro¤ scheme the ampli…cation ratio is

(1.61) G = 1 ¡ νi sin θ + ν2 (cos θ ¡ 1)
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We have

jGj = 1 + 2ν2 (cos θ ¡ 1) + ν 4 (cos θ ¡ 1)2 + ν2 sin2 θ(1.62)

= 1 ¡ 4ν2 sin2 θ
2

µ
1 ¡ cos2

θ
2

¶
+ 4ν4 sin4 θ

2
(1.63)

The stability condition is jGj · 1 leads to

(1.64)
¡
ν 2 ¡ 1

¢
sin2 θ

2
· 0

so again the domain of stability is

(1.65) jνj · 1 .

Lax-Wendro¤ is a more e¢cient scheme than Lax-Friedrichs since we obtain O(h2, k2)
precision as opposed to O(h,k2) under the same time step restriction k · h/ juj.

Turning now to the one-sided schemes, for upwind when u > 0 we have

(1.66) G = 1 ¡ ν
¡
1 ¡ e¡iθ¢

(1.67) jGj = 1 ¡ 2ν (1 ¡ cos θ) + ν 2 (1 ¡ cos θ)2 + ν2 sin2 θ

The stability condition jGj · 1 leads to

(1.68) ¡2ν (1 ¡ cos θ) + ν2 (1 ¡ cos θ)2 + ν2 sin2 θ · 1

which can be rewritten in terms of the half-angle θ/2 to give

(1.69) ¡4ν sin2 θ
2

+ 4ν 2 sin4 θ
2

+ 4ν 2 sin2 θ
2

cos2
θ
2

· 0

and …nally

(1.70) ν(ν ¡ 1) · 0

so the stability region is again ν · 1.
For the Beam-Warming scheme we have

(1.71) G = 1 ¡ ν
2

¡
3 ¡ 4e¡iθ + e¡2iθ

¢
+

1
2
ν2

¡
1 ¡ 2e¡iθ + e¡2iθ

¢
.

Notice that as we look at more complicated schemes the ampli…cation factors be-
come increasingly di¢cult to evaluate analytically. We can however use a numerical
evaluation of G(ν, θ) to generate plots such as Fig. 2. From the plot we deduce
that the stability region is ν · 2.

1.1.4. Lax equivalence theorem. The importance of establishing consistency and
stability for a …nite di¤erence scheme for the advection equation is that these two
properties guarantee convergence by the Lax equivalence theorem.

Theorem 4. A …nite di¤erence scheme for a linear PDE is convergent if the
scheme is consistent with the PDE and it is stable.

Convergence means that

(1.72) lim
k,h!0

Qn
j = q(x j, tn)

where k, h go to zero in accordance with the stability criterion for the scheme.
Convergence is obtained when the scheme is consistent, i.e. the truncation error
goes to zero

(1.73) lim
k,h!0

τ n
j = 0
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Figure 2. Ampli…cation factor jG(ν, θ)j for the Beam-Warming
scheme evaluated at θ = mπ/8, m = 0, 1, . . . 16.

and the step sizes satisfy the stability criterion.
1.1.5. Modi…ed equations. We have established a number of methods for solv-

ing the advection equation (1.1). Up to now we have characterized the error of any
one scheme by its truncation error. Though indicative of the overall quality of an
approximation, the precise nature of the error in the scheme is not apparent. It
has proved very fruitful in the development of better methods to more accurately
describe how a numerical approximation di¤ers from the exact solution. A ques-
tion one can ask is whether a given numerical scheme is perhaps a more accurate
discretization of another PDE than the one it was originally designed for. Let us
exemplify using the upwind scheme for the advection equation with u > 0

(1.74) Qn+1
j = Qn

j ¡ ν
¡
Qn

j ¡ Qn
j¡1

¢
.

We know that this scheme is O(k, h) accurate for the equation qt+uqx = 0. Suppose
that the scheme is an exact discretization of some unknown PDE Ls = 0 with L
an unknown di¤erential operator and s = s(x, t). Then we would have

(1.75) s(x, t + k) = s(x, t) ¡ ν [s(x, t) ¡ s(x ¡ h, t)] ,

exactly. Let us carry out Taylor series expansion of s around (x, t)

(1.76) s + kst +
k2

2
stt +

k3

6
sttt + . . . = s ¡ uk

h

·
hsx ¡ h2

2
sxx +

h3

6
sxxx ¡ . . .

¸
.

To obtain a more concise notation the function arguments have been dropped. We
obtain

(1.77) st + usx = ¡k
2
stt +

uh
2

sxx ¡ k2

6
sttt ¡ uh2

6
sxxx + . . .

This is of the form As = E(h,k)s with A the advection operator A = ∂t + u∂x and
E(h,k) an operator giving the deviation of the modi…ed equation from the advection


