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Lax-Wendroff solution to Riemann problem for inviscid Burgers equation
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1.2.3. Dicculties of ..nite dicerence methods for non-linear hyperbolic equa-
tions. The possibility of shocks for non-linear hyperbolic equations should alert us
to possible dic¢culties with the ..nite dicerence methods we have introduced for
the linear advection equation. Since these are based upon Taylor series expansions
of ¢(z,t) and ¢ can be discontinuous, the expansions will break down and not be
valid near the discontinuities. Nevertheless, we would expect the methods to be
adequate in regions where ¢ is smooth.

Let us see how we would apply the methods to a non-linear equation, taking
Burgers equation as an example. One possibility is to interpret ¢ as the local
advection velocity «. The upwind method for

(1.140) 4+ qq. =0
then becomes " o iQn o ¢ for o
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Applying this for a Riemann problem leads to a numerical solution similar to
the exact shock solution but with oscillations near the shock (Fig. 1.2.3). There is
also a smearing of the shock, instead of sharp discontinuity we have a smoothing of ¢
in the vicinity of the shock. Far from the shock the numerical solution is quite good
however. This therefore leads to the search for so-called high-resolution algorithms
that are able to preserve a high order of accuracy away from discontinuities and
also sharply capture discontinuities.

2. Systems of hyperbolic equations

2.1. Linear systems.
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2.1.1. Classi..cation of linear systems. Consider now that we are interested in
the simultaneous time evolution of a number of quantities

£ o
(21) qg= 4q1 G2 ... Qdm
that satisfy

with A a constant m £ m matrix of real numbers. Such a system is said to be
hyperbolic if the eigenvectors of A form a basis for real m-vectors.

Example 8. The second order wave equation is given in canonical form as

(23) S i e =0.
It can be reduced to a system of two ..rst-order equations by introducing
(2.4) U= P, V= @y
We have
(2.5) up i v, =0
and since ¢,; = ¢y
(2.6) v fuy; =0
In vector form we obtain
0 B jc2 > 0 :
@7) v * i01 0 o v O
or
(2.8) q+Aqg =0
with
9) = o A= iol igz
The eigenvalues of A are A1, = 8c and the eigenvectors are
(2.10) ry = ]C_ , To = ilc

The eigenvectors are independent for ¢ & 0 and therefore they form a basis for the
space of real 2-vectors. The system (2.8) is hyperbolic.

Example 9. Applying the same procedure to the Laplace equation

leads to the matrix
o 1°
il O

whose eigenvalues are A\; » = 8¢ and eigenvectors are

i ii

17 1

These have complex values and are not a basis for real 2-vectors. The system (2.12)
is not hyperbolic, it is elliptic.

(2.12) A=

(2.13)
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2.1.2. Solution by method of characteristics and reduction to diagonal form.
For hyperbolic systems we can apply a procedure similar to that used for systems
of ODE’s. We can write

(2.14) A=TaTil

with

(2.15) o = diagf, Ao, ..., Am0
(2.16) T=[ryrp ¢6¢ r,]
(2.17) Ar; =N, 7=1,2,....,m.
and write

(2.18) @+ TaTily, =0.
Introducing the notation

(2.19) w="Ti

we obtain

(2.20) w,+ ow, =0,

Since @ is a diagonal matrix, the equations of the original system have been de-
coupled and we can write the scalar ;™" component equation

(2.21) w? + \u? =0,

for j =1,2,...,m. These are now simple constant-velocity advection equations for
which we know the solution

(2.22) w® (z,t) = w (z i Ajt)
with w§? given by the initial conditions on ¢
(223) wo = Tilqo .

The value of each individual component of w¥) is constant along the family of
characteristics = j A;t = C;. Therefore w are known as the conservative variables.
From a knowledge of the conservative variable solution we can recover the solution
for the original variables

(2.24) q = Tw .

2.1.3. Finite dicerence methods. The ..nite dicerence methods derived for the
constant-velocity advection equation can be applied formally to hyperbolic systems
also. For example, the Lax-Wendroea scheme is

" ko ¢ k2 i ¢
225) QI =Q) i A Qi Qi + 55 AT Q1207 + Q)4
There are some new features though due to the fact that there is no longer just a
single “advection” or characteristic velocity. Let us try to apply the upwind method
to the system (2.8). It is not apparent what the upwind direction should be for
q. We can ascertain this for the conservative variables though. We have A\; = j¢,
Ao = c,

(2.26) m= ¢ p= I
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- E " _1_ l EY - EY
R il Y ic 0
(2.27) r= /5 .7 = % , B 0 ¢
and the conservative variable system is
0 w® jc 070 LW _
(2.28) o w® + 0 ¢ 22 w®

This system can be discretized in an upwind manner and we obtain the scheme
= o ; ps pi

’n+1 3 n k 2 n = n®
(229) W(l) = W(l) + or W(l) i W(l)
j i h j+1 j
3 - s 3 - -3 - 3 g R
(2.30) wo "o e "Lk et e "
J i h J jil
In matrix form this reads
(231) Wit = (1§ v) W)'+ CW},, + DWW}y
with ]
_ ¢k _ 0 0° v 0°
(2.32) u_h,c_ 0o, 'P= o o
Multiplying by T leads to
(2.33) Q=L iv)QI+TCTIQy,, +TDTI'QY,
" # " #
v 1 ic v 1 ¢
2.34 TCT'" == 1 TDT'" == 1
(2.34) 2§ 1 2 =1
& C

This is the upwind scheme for the system (2.8).

2.2. Non-linear systems.
2.2.1. Classi..cation. Non-linear systems are written as

(2.35) @+ f(@)z =0
with

£ o £ o
(236) q = qg q2 ... Qgm ) f = fl f2 s f'm

The classi..cation of non-linear systems is made in accordance with the properties
of the Jacobian of f with respect to ¢

o oh ah 3
tee
0gq1  0q g,
ol Of ., ob
(2.37) f,=8 9u  Og IGm
Ofn Ofw \ Ohn
8ql &12 8<1m

If the eigenvectors of f, form abasis for g-vectors the system is said to be hyperbolic,
otherwise it is elliptic or parabolic. Note that in this case the eigenvectors typically
depend on the variables ¢ themselves so that the same system of equations may
be hyperbolic in some regions and elliptic in others. The classi..cation of PDE’s as
hyperbolic, parabolic and elliptic may be more familiar from the classi..cation of
second order equations. Let us show the equivalence of the two usages.
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The canonical elliptic second order PDE is the Laplace equation

We reduce it to a system of ..rst-order PDE’s by introducing u = ¢, v = ¢,. The
Laplace equation states u; +v, = 0 and we also have w, = v, by the equality of
mixed derivatives. These two relations can be written in matrix form as

(2.39) q+Ag =0

u 0o 1°
(2.40) q b 10 0
£
The matrix A has the eigenvalues \;, = &: and eigenvectors r1, = 8i 1
The eigenvectors r1,2 do not form a basis for two-component real vectors such as
q SO the system is classi..ed as elliptic in accord with the second-order Laplace
equation’s classi..cation.

The canonic hyperbolic second order PDE is the wave equation

Following the same procedure we arrive at the study of the eigensystem of
0 j1°
(2.42) B= 10

which is given by A\ = 81, r1» = £ 81 1 n. The eigenvectors now do form a
basis for two-component real vectors and the system is classi..ed as hyperbolic as
expected from the wave equation.

Finally, the typical parabolic equation is

(2.43) Or = Oyt
for which we denote v = ¢; to obtain
(2.44) q+Cq, =0
with ) ) )
_ 97 0 0° _ou
(2.45) =, ,C= 10 7T

o] o]
The eigensystem of Cis Ay, = 0, r1 = £ 01 ,r,= £ 0 0 which does not
form a basis for two-component real vectors. Note that in this case the rank of C is
less than the dimension of the system; this is characteristic of parabolic equations.
2.2.2. Solution by characteristics. Let A be the Jacobian matrix for a non-
linear hyperbolic system

(2.46) a + A(@)q =0,

with ¢ a vector with m components. By the de..nition of a hyperbolic system we
now that A can be represented as

(2.47) A=TaTil,

The dicerence with respect to the linear system case is that the matrices T, &
are no longer constant but depend on ¢ and hence on (x,t). Nevertheless, we
can follow the same procedure of reduction to characteristic form locally for some
neighborhood of a point (xo, tg) where g(z,t) = go. We can write

(2.48) a(z,t) = qo + oz, 1)
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where ¢ is the perturbation from the value qo. System (2.46) can now be written

(249) @ +Aog, =0,

from where we obtain

(2.50) wy + Gow, =0

with the perturbation characteristic variables given by
(251) w=Tilg .

The characteristic system (2.50) leads to the ODE’s
(2.52) d;’f:) =0i=1...,m.

where d/ds; indicates the derivative along the i** characteristic direction whose

slope is given by the \g,; eigenvalue of Ag

d 0 0
= — + —
dSi ot )\OZ ox

A solution to (2.46) can be found by locally solving the ODE’s (2.52). This is the
method of characteristics for non-linear hyperbolic systems.

(2.53)




