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1 Introduction theory for the isotropic-nematic transition of hard ellipsdiis].
Takserman-Krozer and Ziabicki studied the behavior of polymer

: ; . ; . : lutions in a velocity field by treating polymer molecules as rigid
sophasg in which an orlentgtlonal order exists, but there is (ﬁeﬁipsoids in dilute solution$14]. In Helfrich’s molecular theory
translational ordef2,3]. The simple mesophase can be formed by

. X . or nematic liquid crystals, the molecules are treated as equally
polymer molecules of a variety of molecular configurations g

certain concentration or temperature, which include two dras |-nd rigidly oriented ellipsoid$15]. In an effort to address the

cally different configurations: rodlike and discotic liquid crystals elationship between the Doi kinetic theory and the Ericksen-
y g - . 9 g4 eslie theory, Kuzuu and Doi generalized the Doi theory for ho-
Most of the hydrodynamical theories formulated for flows o

Nematic phase in liquid crystald.Cs) is the simplest me-

L X . ) n LCPs t nt for the finit t ratio of spheroi-
liquid crystal materials are based on rodlike molecules, whic ogeneous LCPs to account for the © aspect ratio of Spnero

. . . | moleculeq16] and gave the Leslie viscosity coefficients in
include the celebrated Ericksen-Legli€E) theory[4], suitable to L : )
low molar weight liquid crystals, the Do kinetic theof§] and a terms of the uniaxial order parameter and a few physical param

i . : eters in the molecular theory, including the aspect ratio of the
variety of tensor based theories such as the Hand’s tH@pr spheroid. Baalss and Hess also treated liquid crystal molecules as

homogeneous LCs, Beris and Edwar(BE) theory formulated spheroids in their liquid crystal theojl7]. Baalss and Hess’

through Poisson brackefg], and Tsuji and Rey'TR) phenom- eory predicts the liquid crystal is always flow aligning which
enological theory8], both for nonhomogeneous LCs, perceive(}]:]as s)i/nge been proveqn to bg limited sinc)é tumblingghasgbeen ob-

to be applicable to high molar weight liquid crystalline polymer : :
(LCPs. Although the LE theory was first developed for rodlikelggerved in many LC flows. On the other hand, the Kuzuu and Doi

liquid crystals, it has also been applied to discotic liquid crysta eory handles both flow aligning and tumbling at different aspect

. tios and polymer concentrations.
[9,10]. Recently, Singh gnd Rey u;ed the TR theory to mode The theory developed ifl] extends the Kuzuu and Doi theory
homogeneous flows of discotic liquid crystalline polymers by rec

. ; . flowing systems of nonhomogeneous liquid crystalline poly-
versing the sign of a phenomenological “shape parameter” a 9 sy 9 g y POty

h d = &1, Thi h b ers by considering the long range elastic interaction through an
showed some promising resulEl]. This approach appears 0 D€extended anisotropic intermolecular potential. It also generalizes
not only convenient, but also reasongble f.”’”f‘ a molecular point e existing Marrucci-Greco theory to a series of spheroidal LCP
view. The kinetic theory for spheroidal liquid crystal polymer%

) ! L 1 ~tonfigurations through a shape related parameter. However, the
develc_)pe_d i1] aimed at estal_)ll_shlng a un|f|ed_ thegry f_or rOdIII(e[ranslational diffusion was neglected in the study for highlighting
and d's.k“ke LCP.S’ thus, prowdmg a rgorous JUSt.'f'Cat'On for th'fﬂ’ne effect of the molecular shape and the anisotropic elasticity in
convenient practice and relating the macroscopic parametersyig, paper. As we all know, however, that the spatial nonhomoge-
the microscopic ones. . neous structure of LCPs correlates to the translational diffusion of

.In the theory, .the LCP molecules are modelled as rigid sph CP molecules. So, for completeness, a theory for flows of non-
r0|d_s offequafl_ sizé so the;t th? thec_)ryl_co_udld be ulsed Ito mlode_ 8mogeneous LCPs must account for the translational diffusion.
series of configurations of polymeric liquid crystal molecules 15 paper addresses the additional effect of the translational dif-

the neighborhood .Of sphelroids. This approach has been unqﬁ Sion to the previous theory to explore the impact of the transla-
taken by several pioneers in the past. Isihara studied the effec i8hal diffusion and the related density variation to the intermo-

the s.pheroidal shape on the phase transition behqvior of C.°”°i ular potential, Smoluchowski equation, and the stress tensor.
solutions [12]. J-L Colot et al. proposed a density functional It is shown in[1] that the torque balance equation of the

_ _ S o Ericksen-Leslie theory can be recovered from the kinetic theory in
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the translational diffusion is weak. When translational diffusionevolutionm, |S is the surface area & sis the vector initiated at

competes at the same order with the rotary diffusion, the currghe origin and ended & dV is a sphere of radiulscentered a0,

theory yields a torque balance equation with up to fourth-order

spatial derivatives, which is indeed an extension of the Ericksen- cosf’' =w-m’,

Leslie theory where only up to second derivatives are included.
The rest of the paper consists of the derivation of the intermo-

lecular potential, the Smoluchowski equation, the elastic stress

tensor, the proof of the second law of thermodynamic theory and

the reduction to Ericksen-Leslie torque balance equation. with e; and e, the two orthonormal vectors perpendicularry
|dV| denotes the volume afV, r is the position vector for points

A : inside dV, k is the Boltzmann constant anfl is the absolute
2 Kinetic Theory for LCPs of Spheroidal Molecules temperature. We note that is the unit normal of the tangent
We first extend the intermolecular potential developedlly plane at the contacting point of the two spheroidal molecules of
which models the intermediate to long range molecular interactigfe axis of revolutiorm andm’, respectively, and parameterized
for liquid crystalline polymers of the spheroidal configuratione|ative tom.
with finite aspect ratios, to account for the density variation in The intermolecular potential defined ) is nonlocal. In par-
LCPs and derive one of its approximations through the gradiefifular, the excluded volume given {8) is too complicated for a
expansion of the number density functiérefined below [18].  hydrodynamical theory of liquid crystals to be used for complex
Then, we extend the Smoluchowski equation in the Doi kinetifow simulations. We thus seek an approximate excluded volume
theory for rodlike LCPs to accommodate the spheroidal shape &fpression that would lead to a less complex intermolecular po-
the liquid crystalline polymer and translational diffusion, and deential.
rive a consistent stress expression using the virtual work prinCip|EWe seek the Legendre polynomial expansion of the excluded
[3,5]. Finally, we prove the theory satisfies the second law Qfplume (5),
thermodynamics in isothermal conditions.

W= CcoSam+ Sina cospe;+c sina sinBe,, (6)

0

2.1 Intermolecular Potential. We assume all LCP mol-
ecules are of the same spheroidal configuration and immersed in  B(m,m’)=2v+Bgy(r)— >, Bi(r)Py(coszmm’),  (7)
viscous solvent. With the axis of revolution of the spheroid iden- =1
tified with the z-axis in the Cartesian coordinatg,{,z), the sur-
face of the spheroid is represented by: in which 2 mm’ is the angle betweem andm’. The first two

. ) . coefficientsB, andB; are given in the work of Isiharfl2],
x=csinacosB, y=csinasinB, z=bcosa,

Osasmw, 0sB<2m, (2) 1 r \/rz—l)H
. S . ) Bo=2mbc?r| — + arcsir( 1
whereb is the length of the semi-axis in the axis of revolution r 21 r
(identified withe, now) andc is that in the transverse direction.
The aspect ratio of the spheroid is then defined as N 1 | r+ré—1
b 271 \r—i-1) |

I’:E. (2)

— 2
Often, we use a shape parameter defined by By =8mC"brha(r)hy(r),

2_
a:% 3) 1| arcsiny1—r?) Setrcsirq\/lfri)+ 3r r
r2+ =— - -5
Al 1-r? 41-r%  4-r) 2

with range —1=<a<1. a=1, 0, —1 correspond to an infinitely (8)
thin rod, a sphere and an infinitely thin disk, respectively.
Let f(m,x,t) be the number density functiqmdf) of the LCP

molecules of the spheroidal shape in their axis of revolution h :E 1+ 1-r? 1
(/lIm[|=1) with center of mass at locationand timet. We assume 47212(1-r? r2 41— r2
for a nonhomogeneous spheroidal LCP system that the intermo-
lecular potential is given by a mean field accounting for the finite 3 1+1-r?
range molecular interaction. Based on this, we proposed an inter- x| 1+ 1-r2 In J > |-
molecular potential irf1] 1I=vl=r
kT
Vi(m)= —J f f B(m,m’)f(m’,x+s Note that
ISI[AV] JsJavd jmr=1
cog Zmm’=(m-m’)?=mm:m'm’, 9)
+r,t)dm’drds, (4)

where v=[|m=1f(m,x,t)dm is the number density of the LCP wheremm is the outer(tensoj product ofm with m, * -” denotes
molecule per unit volume at material pointand timet, the ex- the contraction operation between two tensors over a pair of indi-
cluded volume formula is given by ces. In this paper, the number of dots in tensor operations denotes
, the number of pairs of indices contracted therein. If we truncate
B(m,m’)=2v series expansiofi7) at the second order, the excluded volume is

7w (27 \[(SIP a+r2co a) approximated by
+2¢%br (
0oJo

si’ 6’ +r?cos 6')? sinadadg,

By(r)

3
5 —EBl(r)mm.m m’. (10)

(5) B(m,m')~2v+Bo(r)+

in which v is the volume of the spheroidal LCP with the semi-
axes(b, ¢ [12], Sis the surface of the spheroid with the axis oWith this, we arrive at an approximate intermolecular potential

Journal of Fluids Engineering MARCH 2004, Vol. 126 / 181



Bi(r)) 1 L% L2 3NKT L£?
V;~KkT| 20 +By(r) + —— | =7 f(m’,x+s Vsi=AKT| 1+ —=A+ —mm:VV |v— ——| |+ = A
1dVIIS| JsJav)jm=1

2 24 24 2 24
+r,tydm’drd L?
r.t)dm’drds + = mm:VV | (mm):mm. a7
3 1 24
— 5 kTBmm: mf f J m'm’f(m’,x+s The first term in(17) corresponds to the short and long range
1dVIS| Js)av) jmrj=1

elastic effect caused by the spatial variation of the number density.
Both A and N approache as|a|]—1~ and N equals zero aa
+r,t)dm’drds}, (11) =0 sinceB,(r=1)=0. The behavior ofN as a function ofa
indicates that the strength of the intermolecular potential weakens
as|al decreases for spheroidal molecules with fixed volumes and
Sonstant polymer number density]. The details for the depen-
dence of the parameters armare given in[1]. The behavior ofA
and N is consistent with the approximate excluded formula de-
rived by Colot et al. using the Gaussian overlap metH.

which extends the intermolecular potential derived 1 to ac-
count for the spatial variation of the ndf. The Legendre polyn
mial approximation up to the quadratic order given(1®) turns
out to be an excellent approximation ¢8) for all values ofr as
shown in[1].

Following Marrucci and Greco's approafh8], we expand the  Free energy and the symmetric, effective intermolecular po-
number density functiof(m’,x+s+r,t) atx in its Taylor series, tential. Let's denote a finite volume of the LCP material Gyin
R3. The free energy for the volume of LCPs is then given by
[5,16]

+%VVf:(s+r)(s+r)+~-', 12) A[f]szff
6 Jmj=1

whereV is the gradient operator and the derivatives are evaluated (18)

at (m’,x,t). Neglecting the terms higher than the second ordgfnerev,, is the potential for the external field. Through integra-
we obtain a simplified intermolecular potential for spheroidgon py part, the free energy can be rewritten into

f(m’' ,x+s+r,t)=f(m’,x,t)+Vf-(s+r)

1
finf—f+Vyf+ mfvsi}dmdx,

LCPs,
1
v 1 2 |2 g berbe | SNKT] A[f]=kaGf| . fInf—f+Vyf+ 5 = Ve | dmdx
= 41 - _ mll=
i gt g At —g MM v 5
12 L L,—L +AkTL2 J [(M-V V-M)-n,]d
+ =+ = A+ L mm:VV [(mm):mm, (13) 48 9G Y "
10 8 8
NKTL? ) :
where —TJ [(My:VM)-n,—(V-My,):Mn,]ds,
G
Ba(r)
A=|20+Bo(r)+ ——|, (19)
wheren, is the external unit normal ofG, the boundary ofG,
N=B(r), and
r2 Vi-r? N S L2__
Dl:1+ 1 zarcsinl‘( . >’ (14) Vei:Ak 1+ zA‘f‘ 4—8mmVV v+ 4—8VVM
—r
2b L SNKT (H—EZV)M
c L, - = :mm
N —_ 2 24
L= 52
L2
~2ber| 1 r2 ré o [1-r? +E(mmmm::VVM+mmVV::M4)},
27D, |1-17 2(1-r7) 2(1-rpaesh ‘
M=(mm), M,=(mmmm), (20)

A=V-V, (Laplacian. M andM, are the second and fourth momentsnofwith respect

The bracket( ) denotes an average over all possible molecul&® the ndff, respectively. Neglecting the contribution from the

directions at ((,t) with respect to the number density functibn surface integl’a|Sz we C.Onclude that the ContributiOI’ngtO the
bulk free energy is equivalent to thatgf; . We therefore name it

the effective intermolecular potential. With,;, the chemical po-

(@)= Hmu:l(.)f(m,x,t)dm- (15)  tential is calculated as usual:
Following [1,18], we introduce two new parameters and L, W= 5—A=kTInf+Vei+ KTV . (21)
of the unit of length, to denote the finite range of molecular of

Interaction: We remark that the symmetrization of the intermolecular potential
I o is essential for a well-posed hydrodynamic theory, in which the
1 Iti 1 -
L=\[24 —+ = L=\3(L,—L,). 16) Positive entropy production and therefore Fhe second law of ther_
ALO (L2~Ly) (16) modynamics is warranted. Next, we derive the Smoluchowski

. . . tion for the ndf istent with th heroidal LCPs.
L measures the strength of the long-range, isotropic elastlcﬁgua fon for the ndt consistent wi € spherolda S

while |L| quantifies the anisotropic elasticity. In our definition of 2.2 Smoluchowski Equation (Kinetic Equation). For a
the intermolecular potential, we note thétis always positive rigid spheroidal suspension in a viscous solvent, Jeffrey calculated
even when the length parametes assigned zero ifil6). Then, the velocity of its axis of revolutiom as follows[19]:
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m=Q-m+a[D-m-D:mmm], (22) By averaging over the configurational spacemfvith respect

) . to the ndff, we have the evolutionary equation for the number
where,D and € are the rate of strain tensor and vorticity tensordensityv:

defined by
dv
1 1 —= — VM. -
D=5 (Vv+WVT), Q= (Vv=VVT), (23) gt = PAvH(D=DL)WVM;+(D =D % AMk|V|( v
2 2
2 2

respectively,v is the velocity vector field for the flowing LCP, + E—Av) + AL (Mami ViV v+ M ViV, VoM 1)
Vv=4v;/dx; is the velocity gradient, and the superscriptle- 24 48 mnmen minmn

notes the transpose of a second-order tensor. Following the devel-

2
opment of the Smoluchowski equation for polymer solutions by _ ﬂ(MM V|( M. +—AM )
Doi and Edward$5] with both the rotary and translational diffu- 2 mn mnoo247mn
sion included and utilizing the result of Jeffrey22), we arrive at P
the Smoluchowskikinetic) equation for the number density func- +(M VYV V.M. +M VVVM . ”
tion f(m,x,t) for spheroidal LCPs: 2 Mokamnii¥i VmVaMi; Matamn¥i ¥ Y, Mami))
ar_ o AR +D, Vi| AvY, 1+£2A +AL2M ViV,
Ji = ox | (Ci@mm+D, (a)(I—mm))-| =+ = —= 1 Vi AvWi 5287 T 25 Mmn%VinVov
1 ) 3N £?
+R-|D,(m,a)| Rf+ k—_I_fRV —R-[mXmf], (24) +kaVmVann)—7 M Vil Mt 2—4Aan
where L2

+ 4_8(M4mniijVmVnMij+anVkViVjM4mnij)”v (27)

-2
Dr(m,a)=lf),(a)(i2f |m><m’||f(m’,x,t)dm’)
Im’|=1

14
(25)
is the rotary diffusivity, inversely proportional to the relaxation

time due to molecular rotatiord.(a) a shape-dependent rotary'S thde s;}xth moment ofm W|¥h relsp(_atct to the ndf and indices are
diffusion constantp(a) andD, (a) are shape-dependent, transt/SE€C WNErever necessary for cianty. . .
Like in most kinetic theories, the mesoscopic, or average, inter-

lational diffusivities characterizing the translational diffusion in . h - A !
the direction parallel and perpendiculamto respectivelyV is the nal orientational properties of nematic liquid crystals are defined

otential including the inter-molecular potentidl; and the exter- in terms of t_he moments orfn with respect to the probability
ﬁal potential(mag%\etic and/or electric fFi)eId ef;%'w density function #f (normalized ndf [5]. Often, one uses the
He normalized second moment#M or its deviatoric parQQ (a sec-

V=Vg+vkTVq, (26) ond order, symmetric, traceless ten§orknown as the orientation

dldx=V andR=mX g/dm are the spatial and the rotational gra_tensor(or structure tensor

dient operator, respectively, adddt(®) denotes the material de- 1

rivative d/at(-)+v-V(-). In the Smoluchowski equation, rotary Q= (mm)—1/3. (29)
convection and diffusion as well as spatighnslational convec-

tion and diffusion are all included. Due to the presence of thEaking the second moment of in the configurational space of
translational diffusion, the number densitymay no longer be a with respect to the ndf governed by the kinetic E24), we arrive
constant. at the mesoscalerientation tensor equation

where

Mg={(mmmmmm) (28)

d
[—MQ-M+M-Qa[D.M+M-D]J
dt s

1
6kT

2aD:M46D?[M§I ((meVm)+(mm><RV))}

+(D;~D,)VV:M,+D,AM

1 1
B+ k_-I-(DH_ DL)VI<mam/3mlmJV]V>+ ﬁ DLVI<mamBVIV>

£2
|+2—4A>M-M+M-

2
) onm —endm_ 2N £
—[ 2aD:M, GD{M 33 I+ 5z M

2

FENIVRY
247 )74

2

+ —_—
N 96

((VVM) M4+ (VIM):M)T+M,: VVM+ (M, VVM)T+MVV M,

2

. AL
F(MYViM)T=4Mg: VIM = 2M, TV My) + 722 (VV2-M+ M- VY =2V V1M,

ap
2

l+£ A L
24

Viv+ 4_8(M4aﬁijVijVIMkl+MSaBijkIVijVIV)

+(Dy—=D)ViViMyjjo5+ D AM 5+ (Dy)—D )V A( M4 pij

Journal of Fluids Engineering MARCH 2004, Vol. 126 / 183



3N £? L? L?
- 7( MGaBijkIVj( 1+ ﬂA) My + 4—8M8a5ijk|manVmVan|+Mea,eiijijVanmmn) +D, Vi A( Maﬁ( 1+ ﬁA)ViV

L2 3N L£? L?
+E(MaBVinVIMkI+M4aBkIVinVIV> — 5 | Mygpi| 1+ ﬂA ViMy+ E(MeaBanVinVlen

2

+Maapi Vi Vi VaMaiamn) | |+ DPL{MX RVym) +(mmx RV} . (30)

whereD? is an averaged rotary diffusivity resulted from the avfield 6e=6Vx, the variation of all tensor fields and their first
eraging process], which is assumed a shape dependent constagigler derivatives are assumed zero at the boundaries of the control
in this study. We remark that the averaged rotary diffusivity is alsgPlume[20]. . -

possibly orientation dependent; then the “tube-dilation” effect can Consider a virtual deformatiode of the material inG. We note

. e {hat the free energy of the LCP system in the material volume is
be modeled by replacing the constant rotary diffusidy by [5] given by (19). According to the virtual work principld5], the

D? virtual work that the exterior must do to the material to reabze
— (31) s
(1-32Q:Q)
We note that in the equation of up to sixth-order tensors are 5W=f 7°: SedX, (32)
G

included. Up to eighth order tensors are present in the orientation

tensor equation foM. Following the same procedure, we cafyhere 7¢ is the elastic part of extra stress. In response to the
derive time evolutionary equation for any moments of even ordgfiral deformationde, the variation off is calculated from the

The equation for the & k=0,1, ... , moment willcontain mo- kinetic equation by neglecting all terms except for the convection
ments of order R+6. With the kinetic equation, we next deriveyneg[5).

the consistent stress tensor.

df
2.3 Derivation of the Stress Tensor. We treat the LCP sys- of = - 6t=—R-(mXmf)dt. (33)

tem as incompressible. Then, the stress tensor consists of three dt

parts: the pressure pl, the viscous stresg’ and the elastic stress The change in the free energy must then equal the work done to
7°. We derive the elastic stress first by applying the virtual worthe material, i.e.,
principle[3,5] on a finite volume of the LCP material denoted by SA=SW (34)
G called control volume. In order to take into account the nonlocal :

effect of the intermolecular potentié20), the virtual deformation This equation yields the elastic stress,

T§B=3akT[Mgl %((me(V)m)ﬂmme(V))) - %[(me(V)m%(mme(V))]aﬁ

apB
AkT[CZ L?

+ - ﬁ(VaVVﬁV* vV, Vgv) + 4—8(V0M#BV#V* vV, VM, g+ VoV M 5=V, V, oM )

3NKT/[ £2 L2
T2 2_4(VaM,u7VBMw/_VaVBMMM;w)"' 4_8(VaM4iBMViMm'_ VwViMA«Bi;wM

my

+VaM/LyViM4iB,u,y_VaViM,u,yM4Bi/Ly) . (35)

The details of the derivation is given in Appendix. The antisym- For the viscous stress, we use the results of JeffrEld,
metric part of the elastic stress is Batchelor’s[21] and Hinch and Leal'$22—24 on spheroidal sus-
pensions in viscous solvent to arrive at:

1 AKT[L2 7 =27D+3kT[{1(a)(D-M+M:D)+ {,(a)D:{mmmm))],
Tg,aﬁzz[(meVm)—(mmeV}]a[ﬁ T[E(VQMHBVHV @37
where

—vV,V M s+ VvV M, 5=V .V, oM )

af 3
SNKTIL2 ns=n+ 5 vkT5(a),
T4 4_8(VaM4i,B;L'yViM;Ly_VaViM4,Bi,u,yM

4 wy

{0 11
§3(a)=—| , f(a)zg(o)(r— |—>,
+V,M ., ViM iy = VoYM, M) |- (36) 1 3 I
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N 1 2 absence of external effects. In this mesoscopic theory, the material
{(a)=(" PR + AL point is implicitly (tacitly) defined as a sphere in which the veloc-
s '8 ity gradient is assumed constant and all LCP molecules convect
o dx spatially in an identical manner within the sphere. Due to the
|1=2rf —_— anisotropic elasticity from the intermolecular potential, there ex-
0 V(re+x)(1+x) ists an additional torque associated to the spatial convection on the
g “material points.” The total torque on a unit volume of the mate-
* X rial is given by
ls=r(r?+1) f , 38
: 0 Vr2+x)(1+x)%(r?+x) (38) AKT[L2
Jm xdx t= Jmllka(m,x,t)dm-i- T{IS(VQM#BV#V_ VVDIVNM#ﬁ
Ji=r | ——, B
' 0 \(I‘2+X)(1+X)3 3NKT L2
. <dx +V, vV M 5=V, V, oM ,5) _T[IS(VHM“iBMVViMMY
J3=I’f y
0 V(r2+x)(1+x)2(r2+x) —V,ViMagi M 0+ VM, ViM i,
1+a
r= ﬁ’ - VaVi M /./,yM 4Bi/.Ly) €apks (44)

7is the solvent viscosity(, ; {a) are three friction coefficients. wheree, is the alternator tensd@5]. Integrating over the con-

3vkT{i(a), i=1,2,3 are identified as three shape-dependent Vigo| volume G and applying integration by part whenever neces-
cosity parameters due to the polymer-solvent interaction. The to&lry, our calculations end up with
extra stress is given in theonstitutive equation for the extra stress

=7+ 7" (39) f Tij EijkdX: f tkdX. (45)
From[22,23, it follows that N ¢
lim, ., ,(a)=0, lim, ., {x(a)="°, This equality indicates that the body torque balances the antisym-
) _ metric part of the stress tensor on the control volu&geonfirm-
lim,_ 1 1(a)=—, lim,__4{(a)=co. (40) ing that the balance of angular momentum is maintaj&dwe

nfite that the balance of the. angular momentum is achieved on the
a=—1 anda=1 at all. To obtain the viscous stress in practicegm're control volumeG subject to the assumptions on the zero
one should calibrate the coefficients at a fixed aspect ratio O oundary conditions aIIude_d to earlu_ar rather than in a pointwise
=ro<o and then extrapolate the formulas to all the other finitgense due to the nonlocality of the intermolecular potential. The
values ofr since after all the friction coefficients need to be exPr¢S€nce of the anls_otroplc_elastlc_lty IS d_ue to the long-range an-
perimentally determined. In the range @& 1 though, the stress Isotropic molecular interaction. It is the interaction between the
contribution from the ternD-M + M-D is negligible, consistent spz-}tlal convection and the _Ipng-range anisotropic mo_IecuIe_lr inter-
action that causes the additional torque on the material point. The

muéhree(;(l)ll égi:)éyrégLIrt(;dclnlﬁetkrlgo‘!fericcﬂ!gf]éoefﬁcients" shown inrole of the anisotropic elasticity needs to be investigated further.

[1], whena>0, 0<{;(a)<min({y(a).{5(a)); when a<O0, {y(a) 2.4 Entropy Production and Energy Dissipation. In an
<0 and is comparable in magnitudes dg(a), giving rise to a isothermal process, De Gennes and Prost noted that the entropy

non-negligible “shape-induced-antidrag” to the total stress frOfFroduction or(energy dissipationis equal to the decrease in the
the termD-M +M-D. This indicates that the oblate spheroidatotal energy[3]

molecule has the tendency to weaken the viscous stress due to the

So, the formulas are not meant to be applied to the two extre

shape-induced polymer-solvent interaction. However, this will by . d 1
no means change the dissipative nature of the stress. As shown in TS=-§ 5PV dx+A[T]], (46)
[1], the viscous stress part due to the polymer-solvent interaction ¢

is indeed dissipative for all values afe (—1,1) and all possible
orientation despité,(a)<0 ata<O0.
The kinetic equatiori24), orientation tensor equatioi27) and

whereS denotes the entropy of the control volui@e It is shown
that

(30), constitutive equation for the extra stre9), balance of 1 2
linear momentum(41) and the continuity equatioit42), both T's:J <Dr(m,a) R |nf+_Vei) >dx+f <V(|nf
given next, constitute the hydrodynamical model for flows of G kT G

spheroidal LCPs.

. 1
Balance of linear momentum + ﬁvei) -(D,(a)mm+D, (a)(I—mm))- V( In f

dv
paZV'(_p|+T)+f, (41) 1
+ k_TVei) > dx+ J D, dispdX, (47)
where p is the fluid density,p is the scalar pressure aridthe G
external force. Corresponding to the incompressibilitgatisfies h
the continuity equation where
V.v=0. (42) D,disp=27D:D+3vkT({3D+ {1(M-D+D-M)
Balance of angular momentum and the anisotropic elasticity + D (mmmm)):D (48)

Finally, we want to make sure that the derived theory obeys the ) . ) . . .
balance of angular momentum. FréBi, we know that the torque 'S Nonnegative definitgl]. It is nonnegative definite provided the
on a test molecule oriented along is given by translational diffusion coefficient matrix

T=-RV,, (43) (Dy(@mm+D, (a)(I—mm)) (49)
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is, which is warranted provideld(a) andD, (a) are nonnegative Substituting the ansatb4) into the Smoluchowski equation, we
as implicitly assumed. This concludes that the theory warrantsohtain at leading order(1))
positive entropy production and thereby obeys the second law of

thermodynamics. R Dr(Rf0+foRVO[f0]

T |=O. (55)

2.5 Approximate Theory. The equation for the orientation
tensor and the stress expression both contain up to eighth or@égarly,f, at leading order is a steady state solution of the Smolu-
tensors, indicating a strong coupling to the kinetic equatioshowski equation with the Maier-Saupe intermolecular potential.
Therefore, the kinetic equation is strongly coupled to the stredssolution of the leading order equation is given by the integral
and the orientation tensor equati@he equation for the second equation
moment ofm). To decouple the kinetic equation, which often — VKT
yields a much simpler governing equation system for LCPs, one fo=pe ™ Volfol/kT, (56)
has to use decoupling or closure approximati@¥%26—29. The

simplest among all the choices of the closure approximations andp=p(xt). In this paper, we assume-const. So, it is the

ar'{grmalizing factor forfy. Without loss of generality, we also

1 assume
(mmmm) = ;(mm)(mm},
n v=f fodm=1. (57)
(mmmmmm)~ — {(mm){mm){mm}, ) o ) Hmi=2
v This assumption is equivalent to
1 V[fo]
(mmmmmmmm)~ ;3<mm)(mm)(mm>(mm>. (50) Info+ T const. (58)

These are exact when the orientation is perfect. Substituting thgsuming uniaxial symmetry in the base stége i.e.,
above closure approximations in the orientation tensor equation
and the stress expression given(B§) and(39), respectively, we 1-s
arrive at the approximate theory for spheroidal LCPs. M=snn———1I, (59)
An alternative is to use both and M, as orientational vari- i o o .

ables and approximate sixth order and eighth order tensors ¥perenis the distinguished major director direction of the second
closures. Of course, more sophisticated closures may be emploffé@ment tensor, we find a steady state solutiorigofiven by
to improve the approximation given hedré,8,24,28. Most of the fo="fo(coSO)
closures are flow-type dependent so that their performance in dif- oo
ferent types of flows may vary widelj26—29. Unless a specific dfy
flow problem is identified, we don't see the need for enumerating d_g =3sNcosofy(§é), (60)
all the closure approximations here.

where £=cosf#=n-m. The uniaxial directom is arbitrary since
3 Reduction to the Ericksen-Leslie Theory the leading order equation does not tell us howaries in time

and space. This is the well-known degeneracy of the steady ki-
In [1], we showed the kinetic theory developed there yields thestic gquation Iin quuilib\rl;lunﬁ5]. L\gt g 4 y X

torque balance equation of the Ericksen-Leslie theory in the limit

of weak flow, weak distortional elasticity, and long time. Here we n=n(x,t). (61)

extend the asymptotic analysis to include a weak translatior(g) o . . . .

diffusion and show that the asymptotic limit of the torque balanc e then derive its governing equation using higher order equa-

equation of the theory remains. tions.
We introduce a dimensionless small parametere&<l to At the next order O(¢)), we have

guantify the weak effects mentioned above explicitly, i.e., Let df,

- - - _ - —2—R-D,[Rfy+ 1RV [ fo]+ feRV[ f1]]1-R-| | mxrf
Dy=eD,, D, =D, , T=te, D=eD, Q =€), £2= L2, dt Ry + EiRVol fol +1oRVol ]l 0

2_ T2 V[ f

Lo=el”. 1) —Drfo(R% +V.| D,mm+D, (1—mm)

Dropping the tildes, the kinetic equation becomes

f
df J of  f aVy .(Vf + =2 VV[ fo] ) (62)
—=—. — | —_ — — 0 oL'o .
€qt € ox (Dy(aymm+D, (a)(I—mm)) (ax+ KT ax) kT
1 The term corresponding to the translational diffusion vanishes be-
+R-|D;(m,a)| Rf+ ﬁvaO” cause
fo Vol fo]
. Ve Vig+ ﬁvvo[fo] =foV|Info+ T =f,V const=0.
—€R-|mXmf-D,fR—|, (52)
kT (63)
where Thus, (62) reduces to
Vo=V, f]=AKT —ﬂkTM'mm Ve=Vgi—V, (53) dfo
0~ Vo - v 2 . Ve Vej 0- W:RDr[Rfl+flRVO[f0]+f0RVO[f1]]
Vo[ f] indicates the potential is evaluated fit We seek an V[ fol
asymptotic expansion of the probability density function —R-|| mXmfy— Drfo( RT(—TO) } (64)
f=> e (mxt). (54) From the solvability condition of64), detailed in[1], we obtain
n=0 the torque balance equation for the uniaxial director
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_ vNKTs ( oy S_S4L2)A N 2(s—s,) 2wy
g |[|° 7 T3 vV-m .
2s+5s; , Appendix
—=— L((V-mn-Vn+(n-Vn)-Vn Derivation of the Elastic Etress Tensor Using Virtual Work

Principles. We calculate the variation of the free energyf ]
with respect to the variation of the probability density function

+nn:VVn—n-Vn-vn")|, (67)  defined by

df
and Sf=— ot=—R-(mxf )at. (70)
av, |\ °* dt
)\_235< f H lfmsg(e) a0 dm) (68)  This indicates that not only the rotational configuration of the
ml=

spheroidal molecule, but also its mass of center are perturbed
is the “tumbling parameter]16]. This is exactly the torque bal- along the moving trajectory of the material poitThen,

ance equation in the Ericksen-Leslie theory with the Frank elastic
energy given by OA[f]= ka f (In f+—=|of+ —(f&v
2 Imi=1 KT
1{vkTNs/ 3L
=3 8 £+—(s sq) [(V-n)?
—Véf ) |dmdx. (71)
vkTNs( L2 5
+—g | S 7 (s7sy) [(n-VXn) Assuming the deformation tens&rst and its derivatives vanish
at G and applying integration by part, we have
vkKTNs 2 L2 3514 vxnl? 69 Vv
T g | S 7 (Bstasy [InxVxnlF. - (69) ff Inf+— 5f}dmdx
cJimi=1 kT

The stress tensor evaluated at the leading order soldton

yields the identical expression as the ong 1 Therefore, the

stress expression does not reduce to that in the Ericksen-Leslie _f apfti |32

theory; however, it does contain every term in the Ericksen-Leslie G

stress expression. The Frank elastic constants and the Leslie vis- 1

cosity coefficients are identical to the ones|[it]. Hence, the +(m(meV))]—§[((meV)m)

inclusion of a weak translational diffusion does not change the

asymptotic dynamics in the limit of the weak flows and weak

distortional elasticity. —(m(meV))]] dx, (72)
When the translational diffusion competes with the rotary dif- ap

fusion at the same order, the torque balance equation contaypg

additional gradient terms with up to fourth order spatial deriva-

tives. The asymptotic limit certainly extends the Ericksen-Leslie —_(f6V—Vef ) |dmdx

torque balance equation to account for higher orders effect. The 6 Jml-1 2kT

details are cumbersome and therefore omitted here.

I a
M — §) - E[((mXRV)m)

fK &[AKT[Lz(V Vv, V, V)
= @ | A aV VRV~ V'V, 14
4 Conclusion s P 2 |24 g £

We have developed a kinetic theory for flows of nonhomoge- L2
neous Ijquid cryst.allir)e polymers of spheroidal .configurations + E(VHM#BV#v—vVaVMM#B+ V,vV,M .6
generalizing the kinetic theory of Kuzuu and Doi for homoge-

neous liquid crystal polymers as well as that of Wang for nonho-

mogeneous LCPs to account for translational diffusion and den- —V.VuvM )

sity variation in space. The theory is applicable to flows of rodlike

liquid crystal polymers at the large aspect ratios and to those of 3NKT/[ 22

discotic ones at small aspect ratios. It also accounts for the mo- - T[Q(Va'\"w —V,VgM .M )
lecular configurational effect in the viscous stress due to polymer-

solvent interaction. The theory is shown to satisfy the second law L2

of thermodynamics and warrant a positive entropy production + 4_8(VaM4iB,u.«/ViM,uy_VaViMABi/.LyMp.y

and, therefore, is well-posed for flows of LCPs. In the asymptotic

limit of weak flow, weak distortional elasticity, weak translational

diffusion, and long time, the theory yields at leading order the + VM, ViM gy = VoYM . M ugi )
torque balance equation of the Ericksen-Leslie theory. Otherwise,

it is a bona fide extension of the Ericksen-Leslie theory that iR arriving at the above expression, we have used the following
cludes higher order effects. identities

] dx. (73)
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V.v=0 Landau, and Onsager theories of the isotropic-nematic transition of hard ellip-
’ soids,” Phys. Rev. A38(4), 2022—-2036.

_ [14] Takserman-Krozer, R., and Ziabicki, A., 1963, J. Polym. Sci., Part A: Gen.
Vivi(vﬂvﬂ) - V#VMVjVi + Vi(KMiVu) + KMiVMVj ' (74) Pap.,1, 491-516.

The extra terms given b§73) are resulted from the interaction of [15] Helfrich, W., 1970, “Helical bilayer structures due to spontaneous torsion of
f . . . ! the edges,” J. Chem. Phy%3(6), 2267—-2281.
the long range elastic potential and the spatial convection, whi 6] Kuzuu, N., and Doi, M., 1983, “Constitutive equation for nematic liquid crys-

contributes additional elastic torque to the macroscopic motion of ™ tals under weak velocity gradient derived from a molecular kinetic equation,”
the material. J. Phys. Soc. Jpi52(10), 34863494,
[17] Baalss, D., and Hess, S., 1988, “Viscosity coefficients of oriented nematic and
nematic discotic liquid crystals; Affine transformation model,” Z. Naturfor-

References sch.,43a 662.

[1] Wang, Q., 2002, “A hydrodynamic theory for solutions of nonhomogeneouilg] Marrucci, G., and Greco, F 1991, “The elastic constants of Maier-Saupe
nematic liquid crystalline polymers of different configuration,” J. Chem. Phys., _ rodlike molecular nematics,” Mol. Cryst206 17-30. = . )
116, 9120-9136. [19] Jeffrey, G B., 1922, “The motion of ellipsoidal particles immersed in a vis-

[2] Chandrasekhar, S., 1992, “Liquid Crystals, 2nd ed.,” Cambridge University _ cous fluid,” Proc. R. Soc. London, Ser. AD2, 161-179.

Press, Cambridge. [20] Feng, J., Sgalari, G., and Leal, L. G., 2000, “A theory for flowing nematic

[3] de Gennes, P. G., and Prost, J., 1993, “The Physics of Liquid Crystals,” polymers with orientational distortion,” J. Rh_eoM(5), 1085-1101.

Oxford University Press. [21] Batchelor, G. K., 1970, “The stress system in a suspension of force-free par-

[4] Leslie, F. M., 1979, “Theory of Flow Phenomena in Liquid Crystals,” Adv. ticles,” J. Fluid Mech.,41(3), 545-570.

Lig. Cryst., 4, 1-81. [22] Hinch, E. J., and Leal, L. G., 1972, “The effect of Brownian motion on the

[5] Doi, M., and Edwards, S. F., 1986, “The Theory of Polymer Dynamics,” rhological properties of a suspension of non-spherical particles,” J. Fluid
Oxford U. PresgClarendom, London-New York. Mech.,52(4), 683-712. .

[6] Hand, G. L., 1962, “A theory of anisotropic fluids,” J. Fluid Meci.3, 33— [23] Hinch, E. J., and Leal, L. G., 1973, “Time-dependent shear flows of a suspen-
46. sion of particles with weak Brownian rotations,” J. Fluid Mech7(4), 753—

[7] Beris, A. N., and B. J. Edwards, B. J., 1994, “Thermodynamics of Flowing 767.
Systems with Internal Microstructure,” Oxford Science Publications, New[24] Hinch, E. J., and Leal, L. G., 1976, “Constitutive equations in suspension
York. mechanics,” part 2, “Approximate forms for a suspension of rigid particles
[8] Tsuiji, T., and Rey, A. D., 1997, “Effect of long range order on sheared liquid affected by Browian rotations,” J. Fluid Mect76(1), 187-208.
crystalline polymers, Part 1: compatibility between tumbling behavior and(25] Bird, B., Armstrong, R. C., and Hassager, O., 19Bynamics of Polymeric

fixed anchoring,” J. Non-Newtonian Fluid Meclv.3, 127-152. Liquids, vol 1 and 2John Wiley and Sons, New York.

[9] Carlsson, T., 1982, “The possibility of the existence of a positive Leslie vis-[26] Feng, J., Chaubal, C. V., and Leal, L. G., 1998, “Closure approximations for
cosity a, . Proposed flow behavior of disk-like nematic liquid crystals,” Mol. the Doi theory: which to use in simulating complex flows of liquid-crystalline
Cryst. Lig. Cryst.,89, 57—-66. polymers,” J. Rheol.42, 1095-1119.

[10] Wang, L., and Rey, A. D., 1997, “Pattern formation and non-linear phenomen&27] Chaubal, C. V., Leal, L. G., and Fredrickson, G. H., 1995, “A comparison of
in stretched discotic liquid crystal fibres,” Liq. Crys23(1), 93-112. closure approximations for the Doi theory of LCPs,” J. Rhe®® pp, 73—-103.

[11] Singh, A. P., and Rey, A. D., 1998, “Microstructure constitutive equation for[28] Wang, Q., 1997, “Biaxial steady states and their stability in shear flows of
discotic nematic liquid crystalline materials,” Rheol. Ac&, 30—45. liquid crystal polymers,” J. Rheol41(5), 943-970.

[12] Isihara, A., 1951, “Theory of anisotropic colloidal solutions,” J. Chem. Phys.,[29] Wang, Q., 1997, “Comparative studies on closure approximations in flows of
1909), 1142-1153. liquid crystal polymers: |. elongational flows,” J. Non-Newtonian Fluid Mech.,

[13] Colot, J. L., Wu, X. G., Xu, H., and Baus, M., 1988, “Density-functional, 72, 141-162.

188 / Vol. 126, MARCH 2004 Transactions of the ASME



