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Abstract

The kinetic theory developed in [1] for solutions of nonhomogeneousnematic liq-
uid crystalline polymers (LCPs) of spheroidal molecular con�gurations is extended to
account for the translational di�usion and the related spatial density variation. The
new theory augments the e�ect of the density variation to the intermolecular poten-
tial, Smoluchowski equation and the elastic stress. It accounts for the molecular aspect
ratio as well as the �nite range molecular interaction so that it is applicable to liquid
crystals ranging from rodlike liquid crystals at large aspect ratios to discotic onesat
small aspect ratios. It also exhibits enhancedshape e�ects in the viscous stressand
warrants a positive entropy production, thereby, the secondlaw of thermodynamics.
Moment averaged,approximate, mesoscopictheories for complex 
o w simulations are
obtained via closureapproximations. In the limit of weak distortional elasticity, weak
translational di�usion, and weak 
o ws, the theory yields the torque balanceequation
of the well-known Ericksen-Leslietheory.
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1 In tro duction

Nematicphasein liquid crystals(LCs) is the simplestmesophasein which an orientational

order exists,but there is no translational order [2, 3]. The simple mesophasecan be formed

by polymer moleculesof a variety of molecular con�gurations at certain concentration or

temperature, which include two drastically di�erent con�gurations: rodlike and discotic

liquid crystals.

Most of the hydrodynamical theoriesformulated for 
o ws of liquid crystal materials are

basedon rodlike molecules,which include the celebratedLeslie-Ericksen (LE) theory [4],

suitable to low molar weight liquid crystals, the Doi kinetic theory[5] and a variety of tensor

basedtheoriessuch asthe Hand's theory [6] for homogeneousLCs, Beris and Edwards' (BE)

theory formulated through Poissonbrackets [7], and Tsuji and Rey's (TR) phenomenological

theory [8], both for nonhomogeneousLCs, etc., perceived to be applicable to high molar

weight liquid crystalline polymers (LCPs). Although the LE theory was �rst developed for

rodlike liquid crystals, it has also beenapplied to discotic liquid crystals [9, 10]. Recently,

Singhand Rey usedthe TR theory to model homogeneous
o ws of discotic liquid crystalline

polymersby reversing the sign of a phenomenological\shape parameter" and showed some

promising results[11]. This approach appearsto be not only convenient, but alsoreasonable

from a molecular point of view. The kinetic theory for spheroidal liquid crystal polymers

developed in [1] aimed at establishinga uni�ed theory for rodlike and disklike LCPs, thus,

providing a rigorous justi�cation for the convenient practice and relating the macroscopic

parametersto the microscopicones.

In the theory, the LCP moleculesare modelledasrigid spheroidsof equalsizesothat the

theory could be usedto model a seriesof con�gurations of polymeric liquid crystal molecules

in the neighborhood of spheroids.This approach hasbeenundertaken by several pioneersin

the past. Isihara studied the e�ect of the spheroidalshape on the phasetransition behavior

of colloidal solutions[12]. J-L Colot et al. proposed a density functional theory for the

isotropic-nematic transition of hard ellipsoids[13]. Takserman-Krozerand Ziabicki studied

the behavior of polymer solutions in a velocity �eld by treating polymer moleculesas rigid

ellipsoids in dilute solutions[14]. In Helfrich's molecular theory for nematic liquid crystals,

the moleculesaretreated asequallyand rigidly oriented ellipsoids[15]. In an e�ort to address

the relationship betweenthe Doi kinetic theory and the Leslie-Ericksen theory, Kuzuu and

Doi generalizedthe Doi theory for homogeneousLCPs to account for the �nite aspect ratio

of spheroidalmolecules[16] and gave the Leslieviscosity coe�cien ts in terms of the uniaxial

order parameterand a few physical parametersin the moleculartheory, including the aspect

ratio of the spheroid. Baalssand Hessalso treated liquid crystal moleculesas spheroidsin
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their liquid crystal theory[17]. Baalssand Hess'theory predicts the liquid crystal is always


o w aligning which hassincebeenproven to be limited sincetumbling hasbeenobserved in

many LC 
o ws. On the other hand, the Kuzuu and Doi theory handlesboth 
o w aligning

and tumbling at di�erent aspect ratios and polymer concentrations.

The theory developed in [1] extends the Kuzuu and Doi theory to 
o wing systemsof

nonhomogeneousliquid crystalline polymersby consideringthe long rangeelastic interaction

through an extendedanisotropic intermolecular potential. It also generalizesthe existing

Marrucci-Grecotheory to a seriesof spheroidalLCP con�gurations through a shape related

parameter. However, the translational di�usion was neglectedin the study for highlighting

the e�ect of the molecularshapeand the anisotropicelasticity in that paper. As we all know,

however, that the spatial nonhomogeneousstructure of LCPs correlatesto the translational

di�usion of LCP molecules.So,for completeness,a theory for 
o wsof nonhomogeneousLCPs

must account for the translational di�usion. This paper addressesthe additional e�ect of

the translational di�usion to the previous theory to explore the impact of the translational

di�usion and the related density variation to the intermolecular potential, Smoluchowski

equation, and the stresstensor.

It is shown in [1] that the torque balanceequation of the Ericksen-Leslietheory can be

recovered from the kinetic theory in the limit of weak 
o w and weak distortional elasticity

while translation di�usion is neglected.In this paper, we will show the sametorque balance

equationcanbederived from the theory only whenthe translational di�usion is weak. When

translational di�usion competes at the sameorder with the rotary di�usion, the current

theory yields a torque balanceequation with up to fourth order spatial derivatives, which

is indeedan extensionof the Ericksen-Leslietheory whereonly up to secondderivativesare

included. ,

The rest of the paper consistsof the derivation of the intermolecularpotential, the Smolu-

chowski equation, the elastic stresstensor, the proof of the secondlaw of thermodynamic

theory and the reduction to Ericksen-Leslietorque balanceequation.

2 Kinetic theory for LCPs of spheroidal molecules

We �rst extend the intermolecular potential developed in [1], which models the interme-

diate to long range molecular interaction for liquid crystalline polymers of the spheroidal

con�guration with �nite aspect ratios, to account for the density variation in LCPs and de-

riveoneof its approximations through the gradient expansionof the number density function

(de�ned below) [18]. Then, we extend the Smoluchowski equation in the Doi kinetic the-

ory for rodlike LCPs to accommodate the spheroidalshape of the liquid crystalline polymer
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and translational di�usion, and derive a consistent stressexpressionusing the virtual work

principle [3, 5]. Finally, we prove the theory satis�es the secondlaw of thermodynamics in

isothermal conditions.

2.1 In termolecular poten tial

We assumeall LCP moleculesare of the samespheroidal con�guration and immersed in

viscoussolvent. With the axis of revolution of the spheroididenti�ed with the z-axis in the

Cartesiancoordinate (x; y; z), the surfaceof the spheroidis represented by:

x = csin� cos� ; y = csin� sin� ; z = bcos� ; 0 � � � � ; 0 � � < 2� ; (1)

whereb is the length of the semi-axisin the axis of revolution (identi�ed with ez now) and

c is that in the transversedirection. The aspect ratio of the spheroidis then de�ned as

r =
b
c
: (2)

Often, we usea shape parameterde�ned by

a =
r 2 � 1
r 2 + 1

(3)

with range � 1 � a � 1. a = 1; 0; � 1 correspond to an in�nitely thin rod, a sphereand an

in�nitely thin disk, respectively.

Let f (m; x; t) bethe number density function (ndf ) of the LCP moleculesof the spheroidal

shape in their axis of revolution m (jjmjj = 1) with center of massat location x and time t.

We assumefor a nonhomogeneousspheroidalLCP systemthat the intermolecular potential

is given by a mean�eld accounting for the �nite rangemolecular interaction. Basedon this,

we proposedan intermolecular potential in [1]

Vi (m) = kT
jSjj dV j

R
S

R
dV

R
jj m 0jj =1 B(m; m0)f (m0; x + s + r ; t)dm0drds; (4)

where� =
R

km k=1 f (m; x; t)dm is the number density of the LCP moleculeper unit volume

at material point x and time t, the excludedvolume formula is given by

B(m; m0) = 2v + 2c2br
R�

0

R2�
0

p
(sin2 � + r 2 cos2 � )

(sin2 � 0+ r 2 cos2 � 0)2 sin� d� d� ; (5)

in which v is the volumeof the spheroidalLCP with the semi-axes(b;c)[12], S is the surface

of the spheroid with the axis of revolution m, jSj is the surfacearea of S, s is the vector

initiated at the origin and endedat S, dV is a sphereof radius l centered at 0,

cos� 0 = w � m0;

w = cos� m + sin� cos� e1 + csin� sin� e2;
(6)
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with e1 and e2 the two orthonormal vectors perpendicular to m, jdVj denotesthe volume

of dV, r is the position vector for points inside dV, k is the Boltzmann constant and T

is the absolute temperature. We note that w is the unit normal of the tangent plane at

the contacting point of the two spheroidal moleculesof the axis of revolution m and m 0,

respectively, and parameterizedrelative to m.

The intermolecular potential de�ned by (4) is nonlocal. In particular, the excluded

volume given in (5) is too complicatedfor a hydrodynamical theory of liquid crystals to be

usedfor complex
o w simulations. We thusseekan approximate excludedvolumeexpression

that would lead to a lesscomplex intermolecular potential.

We seekthe Legendrepolynomial expansionof the excludedvolume (5),

B(m; m0) = 2v + B0(r ) �
P 1

l=1 B l (r )P2l (cos6 mm 0); (7)

in which 6 mm 0 is the angle between m and m0. The �rst two coe�cien ts B0 and B1 are

given in the work of Isihara[12],

B0 = 2� bc2r [1
r + rp

r 2 � 1
arcsin(

p
r 2 � 1
r )] [1 + 1

2r
p

r 2 � 1
ln( r +

p
r 2 � 1

r �
p

r 2 � 1
)];

B1 = 8� c2brh3(r )h4(r );

h3 = 1
4[ar csin (

p
1� r 2)p

1� r 2 � 3ar csin (
p

1� r 2 )

4
p

1� r 23 + 3r
4(1� r 2 ) � r

2];

h4 = 5
2[ 3

2(1� r 2 ) + 1 + 1� r 2

r 2 � 1
4
p

1� r 2 (1 + 3
1� r 2 )ln 1+

p
1� r 2

1�
p

1� r 2 ]:

(8)

Note that

cos2 6 mm 0 = (m � m0)2 = mm : m0m0; (9)

wheremm is the outer (tensor) product of m with m, \ �" denotesthe contraction operation

between two tensors over a pair of indices. In this paper, the number of dots in tensor

operations denotesthe number of pairs of indicescontracted therein. If we truncate series

expansion(7) at the secondorder, the excludedvolume is approximated by

B(m; m0) � 2v + B0(r ) + B 1 (r )
2 � 3

2B1(r )mm : m0m0: (10)

With this, we arrive at an approximate intermolecular potential

Vi � kT(2v + B0(r ) + B 1(r )
2 ) 1

jdV jj Sj

R
S

R
dV

R
km 0k=1 f (m0; x + s + r ; t)dm0drds�

3
2kTB1mm : [ 1

jdV jj Sj

R
S

R
dV

R
km 0k=1 m0m0f (m0; x + s + r ; t)dm0drds];

(11)
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which extendsthe intermolecularpotential derived in [1] to account for the spatial variation

of the ndf. The Legendrepolynomial approximation up to the quadratic order given in (10)

turns out to be an excellent approximation to (5) for all valuesof r as shown in [1].

Following Marrucci and Greco's approach[18], we expand the number density function

f (m0; x + s + r ; t) at x in its Taylor series,

f (m0; x + s + r ; t) = f (m0; x; t) + r f � (s + r ) + 1
2rr f : (s + r )(s + r ) + � � � ; (12)

wherer is the gradient operator and the derivativesare evaluated at (m 0; x; t). Neglecting

the terms higher than the secondorder, we obtain a simpli�ed intermolecular potential for

spheroidalLCPs,

Vsi = AkT(1 + ( l2

10 + L 2
1

8 )� + L 2 � L 1
8 mm : rr )� �

3N kT
2 [I + ( l2

10 + L 1
8 )� + L 2 � L 1

8 mm : rr ]hmm i : mm ;
(13)

where

A = (2v + B0(r ) + B 1 (r )
2 );

N = B1(r );

D1 = 1 + r 2
p

1� r 2 arcsinh(
p

1� r 2

r );

L1 = 2bc
r � L 2

2r 2 ;

L2 = 2bcr
D 1

[ 1
1� r 2 � r 2

2(1� r 2 ) � r 4

2(1� r 2 )3=2 arcsinh( 1� r 2

r )];

� = r � r ; (Laplacian):

(14)

The bracket hi denotesan averageover all possiblemoleculardirectionsat (x; t) with respect

to the number density function f :

h(� )i =
Z

jj m jj =1
(� )f (m; x; t)dm: (15)

Following [1, 18], we introducetwo new parametersL and L, of the unit of length, to denote

the �nite rangeof molecular interaction:

L =
q

24[l2

10 + L 1
8 ]; L =

q
3(L2 � L1): (16)

L measuresthe strength of the long-range, isotropic elasticity while jL j quanti�es the

anisotropic elasticity. In our de�nition of the intermolecular potential, we note that L is

6



always positive even when the length parameter l is assignedzero in (16). Then,

Vsi = AkT(1 + L 2

24 � + L 2

24 mm : rr )�

� 3N kT
2 (I + L 2

24 � + L 2

24 mm : rr )hmm i : mm :
(17)

The �rst term in (17) corresponds to the short and long range elastic e�ect causedby

the spatial variation of the number density. Both A and N approach 1 as jaj ! 1� and N

equalszeroat a = 0 sinceB1(r = 1) = 0. The behavior of N asa function of a indicatesthat

the strength of the intermolecularpotential weakensasjaj decreasesfor spheroidalmolecules

with �xed volumesand constant polymer number density [1]. The details for the dependence

of the parameterson a is explored in [1]. The behavior of A and N is consistent with the

approximate excludedformula derived by Colot et al. using the Gaussianoverlap method

[13].

Free energy and the symmetric, e�ectiv e in termolecular poten tial

Let's denote a �nite volume of the LCP material by G in R3. The free energy for the

volume of LCPs is then given by [5, 16]

A[f ] = kT
R

G

R
km k=1 [f lnf � f + VH f + 1

2kT f Vsi ]dmdx; (18)

whereVH is the potential for the external �eld. Through integration by part, the freeenergy

can be rewritten into

A[f ] = kT
R

G

R
km k=1 [f lnf � f + VH f + 1

2kT f Vei ]dmdx + Ak T L 2

48 [
R

@G[(M � r � �

nur � M ) � nn ]ds � N kT L 2

32

R
@G [(M 4

...r M ) � nn � (r � M 4)
...Mn n ]ds;

(19)

wherenn is the external unit normal of @G, the boundary of G, and

Vei = AkT[(1 + L 2

24 � + L 2

48 mm : rr )� + L 2

48 rr : M ] � 3N kT
2 [(I + L 2

24 �) M : mm +

L 2

48 (mmmm :: rr M + mm rr :: M 4)]; M = hmm i ; M 4 = hmmmm i ;
(20)

M and M 4 are the secondand fourth moments of m with respect to the ndf f , respectively.

Neglectingthe contribution from the surfaceintegrals, we concludethat the contribution of

Vei to the bulk free energy is equivalent to that of Vsi . We therefore name it the e�ective

intermolecular potential. With Vei , the chemical potential is calculatedas usual:

� =
� A
� f

= kTlnf + Vei + kTVH : (21)
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We remark that the symmetrization of the intermolecular potential is essential for a well-

posed hydrodynamic theory, in which the positive entropy production and therefore the

secondlaw of thermodynamicsis warranted. Next, we derive the Smoluchowski equationfor

the ndf f consistent with the spheroidalLCPs.

2.2 Smoluc howski equation (kinetic equation)

For a rigid spheroidalsuspensionin a viscoussolvent, Je�rey calculated the velocity of its

axis of revolution m as follows[19]:

_m = 
 � m + a[D � m � D : mmm ]; (22)

where,D and 
 are the rate of strain tensor and vorticit y tensor, de�ned by

D =
1
2

(r v + r vT ); 
 =
1
2

(r v � r vT ); (23)

respectively, v is the velocity vector �eld for the 
o wing LCP, r v = @v i
@x j

is the velocity

gradient, and the superscript T denotesthe transposeof a secondorder tensor. Following

the development of the Smoluchowski equationfor polymer solutionsby Doi and Edwards [5]

with both the rotary and translational di�usion included and utilizing the result of Je�rey's

(22), we arrive at the Smoluchowski (kinetic) equation for the number density function

f (m; x; t) for spheroidalLCPs:

df
dt = @

@x � [(Dk(a)mm + D? (a)( I � mm )) � ( @f
@x + f

kT
@V
@x )]+

R � [D r (m; a)(Rf + 1
kT f RV)] � R � [m � _mf ];

(24)

where

D r (m; a) = D̂ r (a)( 1
� 2

R
km 0k=1 km � m0kf (m0; x; t)dm0)� 2 (25)

is the rotary di�usivit y, inversely proportional to the relaxation time due to molecular ro-

tation, D̂ r (a) a shape-dependent rotary di�usion constant, D k(a) and D? (a) are shape-

dependent, translational di�usivities characterizing the translational di�usion in the direc-

tion parallel and perpendicular to m, respectively, V is the potential including the inter-

molecularpotential Vei and the external potential (magnetic and/or electric �eld e�ect) VH ,

V = Vei + � kTVH ; (26)

@
@x = r and R = m � @

@m are the spatial and the rotational gradient operator, respectively,

and d
dt (� ) denotesthe material derivative @

@t (�) + v � r (�). In the Smoluchowski equation,
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rotary convection and di�usion aswell asspatial (translational) convection and di�usion are

all included. Due to the presenceof the translational di�usion, the number density � may

no longer be a constant.

By averagingover the con�gurational spaceof m with respect to the ndf f , we have the

evolutionary equation for the number density � :

d�
dt = D? � � + (D jj � D? )r i r j M ij + (D jj � D? )r k [AM kl r l (� + L 2

24 � � )+

AL 2

48 (M 4klmn r l r m r n � + M kl r l r m r nM mn ) � 3N
2 (M 4klmn r l (M mn + L 2

24 � M mn )+

L 2

48 (M 6klmnij r l r m r nM ij + M 4klmn r l r i r j M 4mnij ))]+

D? r k [A� r k ((1 + L 2

24 �) � ) + AL 2

48 (M mn r kr m r n � + � r kr m r nM mn )�

3N
2 (M mn r k(M mn + L 2

24 � M mn ) + L 2

48 (M 4mnij r kr m r nM ij +

M mn r kr i r j M 4mnij ))] ;

(27)

where

M 6 = hmmmmmm i (28)

is the sixth moment of m with respect to the ndf and indicesare usedwherever necessary

for clarity.

Like in most kinetic theories,the mesoscopic,or average,internal orientational properties

of nematic liquid crystals are de�ned in terms of the moments of m with respect to the

probability density function 1
� f (normalizedndf) [5]. Often, oneusesthe normalizedsecond

moment 1
� M or its deviatoric part Q (a secondorder, symmetric, tracelesstensorQ) known

as the orientation tensor (or structure tensor):

Q = 1
� hmm i � I =3: (29)

Taking the secondmoment of m in the con�gurational spaceof m with respect to the ndf
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governedby the kinetic equation(24), we arrive at the mesoscaleorientation tensor equation

f d
dt M � 
 � M + M � 
 � a[D � M + M � D ]g�� = f� 2aD : M 4 � 6D 0

r [M � �
3 I �

1
6kT (hm � RVmi + hmm � RVi )] + (D jj � D? )rr : M 4 + D? � M g�� +

1
kT (D jj � D? )r i hm � m � m i m j r j Vi + 1

kT D? r i hm � m � r i Vi

= f� 2aD : M 4 � 6D 0
r [M � �

3 I � N
2 (( I + L 2

24 �) M � M + M � (I + L 2

24 �) M )+

N (I + L 2

24 �) M : M 4 � N L 2

96 ((rr M )
...M 4 + ((rr M )

...M 4)T +

M 4
...rr M + (M 4

...rr M )T + M rr
...M 4 + (M rr

...M 4)T �

4M 6 :: rr M � 2M 4rr :: M 4) + AL 2

144 (rr � � M + M � rr � � 2rr � : M 4]g�� +

(D jj � D? )r i r j M 4ij �� + D? � M �� + (D jj � D? )r i [A(M 4�� ij (1 + L 2

24 �) r j � +

L 2

48 (M 4�� ij r j r kr lM kl + M 6�� ij kl r j r kr l � )) � 3N
2 (M 6�� ij kl r j (1 + L 2

24 �) M kl+

L 2

48 M 8�� ij klmn r j r m r nM kl + M 6�� ij kl r j r m r nM 4klmn )]+

D? r i [A(M �� (1 + L 2

24 �) r i � + L 2

48 (M �� r i r kr lM kl + M 4�� kl r i r kr l � )) �

3N
2 (M 4�� kl (1 + L 2

24 �) r i M kl + L 2

48 (M 6�� klmn r i r kr lM mn +

M 4�� kl r i r m r nM 4klmn ))] + D 0
r [hm � RVH mi + hmm � RVH i ]:

(30)

where D 0
r is an averagedrotary di�usivit y resulted from the averaging process[5], which is

assumeda shape dependent constant in this study. We remark that the averagedrotary

di�usivit y is also possibly orientation dependent; then the \tub e-dilation" e�ect can be

modeledby replacing the constant rotary di�usivit y D 0
r by[5]

D 0
r

(1 � 3
2Q : Q)2

: (31)

We note that in the equationof � up to sixth order tensorsare included. Up to eighth order

tensorsare present in the orientation tensor equation for M . Following the sameprocedure,

we can derive time evolutionary equation for any moments of even order. The equation

for the 2k; k = 0; 1; � � � ; moment will contain moments of order 2k + 6. With the kinetic

equation, we next derive the consistent stresstensor.
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2.3 Deriv ation of the stress tensor

We treat the LCP systemas incompressible.Then, the stresstensor consistsof three parts:

the pressure� pI , the viscousstress� v and the elastic stress� e. We derive the elastic stress

�rst by applying the virtual work principle [3, 5] on a �nite volume of the LCP material

denoted by G called control volume. In order to take into account the nonlocal e�ect of

the intermolecular potential (20), the virtual deformation �eld � � = � r x, the variation of

all tensor �elds and their �rst order derivatives are assumedzero at the boundariesof the

control volume [20].

Consider a virtual deformation � � of the material in G. We note that the free energy

of the LCP systemin the material volume is given by (19). According to the virtual work

principle[5], the virtual work that the exterior must do to the material to realize� � is

� W =
Z

G
� e : � �dx; (32)

where � e is the elastic part of extra stress. In responseto the virtual deformation � � , the

variation of f is calculated from the kinetic equation by neglectingall terms except for the

convection ones[5]:

� f =
df
dt

� t = �R � (m � _mf )� t: (33)

The changein the free energymust then equal the work doneto the material, i.e.,

� A = � W: (34)

This equation yields the elastic stress,

� e
�� = 3akT[M � �

3 I � 1
6kT (hm � R(V)mi + hmm � R(V)i )] �� � 1

2[hm � R(V)mi�

hmm � R(V)i ]�� + Ak T
2 [L 2

24 (r � � r � � � � r � r � � ) + L 2

48 (r � M �� r � � � � r � r � M �� +

r � � r � M �� � r � r � � M �� )] � 3N kT
4 [L 2

24 (r � M �
 r � M �
 � r � r � M �
 M �
 )+

L 2

48 (r � M 4i� �
 r i M �
 � r � r i M 4� i�
 M �
 + r � M �
 r i M 4i� �
 � r � r i M �
 M 4� i�
 )]:

(35)

The details of the derivation is given in Appendix. The antisymmetric part of the elastic

stressis

� e
a;�� = 1

2 [hm � RVmi � hmm � RVi ]�� + Ak T
2 [L 2

48 (r � M �� r � � � � r � r � M �� +

r � � r � M �� � r � r � � M �� )]�� � 3N kT
4 [L 2

48 (r � M 4i� �
 r i M �
 �

r � r i M 4� i�
 M �
 + r � M �
 r i M 4i� �
 � r � r i M �
 M 4� i�
 )]:

(36)
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For the viscousstress,we usethe results of Je�rey's[19], Batchelor's[21] and Hinch and

Leal's [22, 23, 24] on spheroidalsuspensionsin viscoussolvent to arrive at:

� v = 2� sD + 3kT[� 1(a)(D � M + M � D ) + � 2(a)D : hmmmm i )]; (37)

where

� s = � + 3
2 � kT� 3(a);

� 3(a) = � (0)

I 1
; � 1(a) = � (0) ( 1

I 3
� 1

I 1
);

� 2(a) = � (0) [ J1
I 1J3

+ 1
I 1

� 2
I 3

];

I 1 = 2r
R1

0
dxp

(r 2+ x)(1+ x)3
; I 3 = r (r 2 + 1)

R1
0

dxp
(r 2+ x)(1+ x)2 (r 2+ x)

;

J1 = r
R1

0
xdxp

(r 2+ x)(1+ x)3
; J3 = r

R1
0

xdxp
(r 2+ x)(1+ x)2 (r 2+ x)

;

r = 1+ a
1� a ;

(38)

� is the solvent viscosity, � 1;2;3(a) arethree friction coe�cien ts. 3� kT� i (a); i = 1; 2; 3 areiden-

ti�ed as two shape-dependent viscosity parametersdue to the polymer-solvent interaction.

The total extra stressis given in the constitutive equation for the extra stress

� = � e + � v: (39)

From [22, 23], it follows that

lima! 1 � 1(a) = 0; lima! 1 � 2(a) = 1 ;

lima!� 1 � 1(a) = �1 ; lima!� 1 � 2(a) = 1 :
(40)

So, the formulae are not meant to be applied to the two extremesa = � 1 and a = 1 at all.

To obtain the viscousstressin practice, oneshouldcalibrate the coe�cien ts at a �xed aspect

ratio 0 < r = r 0 < 1 and then extrapolate the formulae to all the other �nite valuesof r

sinceafter all the friction coe�cien ts needto be experimentally determined. In the rangeof

a � 1 though, the stresscontribution from the term D � M + M � D is negligible,consistent

with the Doi theory for rodlike molecules[5].

Er recall someresultson the "friction coe�cien ts" shown in [1], whena > 0, 0 < � 1(a) <

min (� 2(a); � 3(a)); whena < 0, � 1(a) < 0 and is comparablein magnitudesto � 2(a), giving rise

to a non-negligible\shape-induced-antidrag" to the total stressfrom the term D �M + M �D .

This indicates that the oblate spheroidalmoleculehas the tendency to weaken the viscous

stressdue to the shape-inducedpolymer-solvent interaction. However, this will by no means

12



changethe dissipative nature of the stress.As shown in [1], the viscousstresspart dueto the

polymer-solvent interaction is indeeddissipative for all valuesof a 2 (� 1; 1) and all possible

orientation despite� 1(a) < 0 at a < 0.

The kinetic equation(24), orientation tensorequation(30) and (27), constitutiveequation

for the extra stress(39), balanceof linear momentum (41) and the continuity equation (42),

both given next, constitute the hydrodynamical model for 
o ws of spheroidalLCPs.

Balance of linear momentum

�
dv
dt

= r � (� pI + � ) + f ; (41)

where� is the 
uid density, p is the scalarpressureand f the external force. Corresponding

to the incompressibility, v satis�es the

continuity equation

r � v = 0: (42)

Balance of angular momen tum and the anisotropic elasticit y

Finally, we want to make sure that the derived theory obeys the balance of angular

momentum. From [5], we know that the torque on a test moleculeoriented alongm is given

by

T = �R Vei ; (43)

absenceof externale�ects. In this mesoscopictheory, the material point is implicitly (tacitly)

de�ned asa spherein which the velocity gradient is assumedconstant and all LCP molecules

convect spatially in an identical mannerwithin the sphere.Due to the anisotropic elasticity

from the intermolecularpotential, there existsan additional torque associated to the spatial

convection on the \material points". The total torque on a unit volume of the material is

given by

t k =
R

km k=1 T k f (m; x; t)dm + Ak T
2 [L 2

48 (r � M �� r � � � � r � r � M �� +

r � � r � M �� � r � r � � M �� )] � 3N kT
4 [L 2

48 (r � M 4i� �
 r i M �
 �

r � r i M 4� i�
 M �
 + r � M �
 r i M 4i� �
 � r � r i M �
 M 4� i�
 )]� �� k ;

(44)

where� �� k is the alternator tensor[25]. Integrating over the control volume G and applying

integration by part whenever necessary, our calculationsend up with
Z

G
� ij � ij kdx =

Z

G
t kdx: (45)
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This equality indicates that the body torque balancesthe antisymmetric part of the stress

tensor on the control volume G, con�rming that the balance of angular momentum is

maintained[3]. We note that the balanceof the angular momentum is achieved on the entire

control volume G subject to the assumptionson the zero boundary conditions alluded to

earlier rather than in a pointwisesensedueto the nonlocality of the intermolecularpotential.

The presenceof the anisotropic elasticity is due to the long-rangeanisotropic molecular in-

teraction. It is the interaction betweenthe spatial convection and the long-rangeanisotropic

molecular interaction that causesthe additional torque on the material point. The role of

the anisotropic elasticity needsto be investigatedfurther.

2.4 Entrop y pro duction and energy dissipation

In an isothermal process,De Gennesand Prost note that the entropy production or (energy

dissipation) is equal to the decreasein the total energy[3]

T _S = �
d
dt

[
Z

G
(
1
2

� v � v)dx + A[f ]]; (46)

whereS denotesthe entropy of the control volume G. It is shown that

T _S =
R

GhD r (m; a)kR(lnf + 1
kT Vei)k2i dx +

R
Ghr (lnf + 1

kT Vei) � (Dk(a)mm +

D? (a)( I � mm )) � r (lnf + 1
kT Vei)i dx +

R
G Dvdispdx;

(47)

where

Dvdisp = 2� D : D + 3� kT(� 3D + � 1(M � D + D � M ) + � 2D : hmmmm i ) : D (48)

is nonnegative de�nite [1]. It is nonnegative de�nite provided the translational di�usion

coe�cien t matrix

(Dk(a)mm + D? (a)( I � mm )) (49)

is, which is warranted provided D k(a) and D? (a) are nonnegative as implicitly assumed.

This concludesthat the theory warrants a positive entropy production and thereby obeys

the secondlaw of thermodynamics.

2.5 Appro ximate theory

The equation for the orientation tensor and the stressexpressionboth contain up to eighth

order tensors, indicating a strong coupling to the kinetic equation. Therefore, the kinetic
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equation is strongly coupledto the stressand the orientation tensor equation (the equation

for the secondmoment of m). To decouplethe kinetic equation, which often yields a much

simpler governing equation systemfor LCPs, onehas to usedecouplingor closureapproxi-

mations [24,26,27, 28,29]. The simplestamongall the choicesof the closureapproximations

are

hmmmm i � 1
� hmm ihmm i ;

hmmmmmm i � 1
� 2 hmm ihmm ihmm i ;

hmmmmmmmm i � 1
� 3 hmm ihmm ihmm ihmm i :

(50)

Theseare exact when the orientation is perfect. Substituting the above closureapproxima-

tions in the orientation tensor equation and the stressexpressiongiven by (30) and (39),

respectively, we arrive at the approximate theory for spheroidalLCPs.

An alternative is to useboth M and M 4 asorientational variablesand approximate sixth

order and eighth order tensorsby closures. Of course,more sophisticatedclosuresmay be

employed to improve the approximation given here [7, 8, 24, 26]. Most of the closuresare


o w-type dependent so that their performancein di�erent types of 
o ws may vary widely

[26, 27, 28, 29]. Unless a speci�c 
o w problem is identi�ed, we don't seethe need for

enumerating all the closureapproximations here.

3 Reduction to the Eric ksen-Leslie theory

In [1], we showed the kinetic theory developed there yields the torque balanceequation

of the Ericksen-Leslietheory in the limit of weak 
o w, weak distortional elasticity, and long

time. Here we extend the asymptotic analysisto include a weak translational di�usion and

show that the asymptotic limit of the torque balanceequation of the theory remains.

We introduce a dimensionlesssmall parameter 0 < � << 1 to quantify the weak e�ects

mentioned above explicitly, i.e., Let

D jj = � ~D jj ; D? = � ~D? ; ~t = t�; D = � ~D ; 
 = � ~
 ; L 2 = � ~L 2; L2 = � ~L2: (51)

Dropping the tildes, the kinetic equation becomes

� df
dt = � @

@x � [(Dk(a)mm + D? (a)( I � mm )) � ( @f
@x + f

kT
@V0
@x )]+

R � [D r (m; a)(Rf + 1
kT f RV0)] � � R � [m � _mf � D r f R Ve

kT ];
(52)

where

V0 = V0[f ] = AkT� �
3N
2

kTM : mm ; Ve = Vei � V0: (53)

15



V0[f ] indicatesthe potential is evaluated at f .We seekan asymptotic expansionof the prob-

abilit y density function

f =
1X

n=0

� n f n (m; x; t): (54)

Substituting the ansatz (54) into the Smoluchowski equation, we obtain at leading order

(O(1))

R � [Dr (Rf 0 + f 0R
V0[f 0]

kT
] = 0: (55)

Clearly, f 0 at leadingorder is a steadystate solution of the Smoluchowski equationwith the

Maier-Saupe intermolecular potential. A solution of the leading order equation is given by

the integral equation

f 0 = �e � V0 [f 0 ]
k T ; (56)

and � = � (x; t). In this paper, we assume� = const. So, it is the normalizing factor for f 0.

Without lossof generality, we alsoassume

� =
Z

kf m k= 1g
f 0dm = 1: (57)

This assumptionis equivalent to

lnf 0 +
V[f 0]
kT

= const: (58)

Assuminguniaxial symmetry in the basestate f 0, i.e.,

M = snn �
1 � s

3
I ; (59)

wheren is the distinguishedmajor director direction of the secondmoment tensor, we �nd

a steadystate solution of f 0 given by

f 0 = f 0(cos� )

df 0
d� = 3sN cos� f 0(� );

(60)

where� = cos� = n �m. The uniaxial director n is arbitrary sincethe leadingorder equation

doesnot tell us how n varies in time and space. This is the well-known degeneracyof the

steadykinetic equation in equilibrium [5]. Let

n = n(x; t): (61)
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We then derive its governing equation using higher order equations.

At the next order (O(� )), we have

df 0
dt = R � Dr [Rf 1 + f 1RV0[f 0] + f 0RV0[f 1]] � R � [(m � _mf 0 � D r f 0(R Ve [f 0 ]

kT )]+

r � (D jj mm + D? (I � mm ) � (r f 0 + f 0
kT r V0[f 0])):

(62)

The term corresponding to the translational di�usion vanishesbecause

(r f 0 +
f 0

kT
r V0[f 0]) = f 0r (lnf 0 +

V0[f 0]
kT

) = f 0r const = 0: (63)

Thus, (62) reducesto

df 0
dt = R � D r [R f 1 + f 1RV0[f 0] + f 0RV0[f 1]] � R � [(m � _mf 0 � D r f 0(R

Ve [f 0 ]
kT )]: (64)

From the solvabilit y condition of (64), detailed in [1], we obtain the torque balanceequation

for the uniaxial director n

� 
 n +
as
�

� kT
D 0

r
N � as

� kT
D 0

r
D � n � h = 0; (65)

where
 is a Lagrangianmultiplier,

N =
dn
dt

� 
 � n; (66)

h is the elastic �eld [3]

h = � N kT s
8 [(sL 2 + s� s4

7 L2)� n + 2(s� s4 )
7 L2r (r � n)+

2s+5 s4
7 L2((r � n)n � r n + (n � r n) � r n + nn : rr n � n � r n � r nT )];

(67)

and

� = 2as(
R

km k=1 f msg(� ) dVms
d� dm)� 1 (68)

is the \tum bling parameter" [16]. This is exactly the torque balanceequationin the Ericksen-

Leslie theory with the Frank elastic energygiven by

F = 1
2[ � kT N s

8 (sL 2 + 3L 2

7 (s � s4))( r � n)2 + � kT N s
8 (sL 2 + L 2

7 (s � s4))( n � r � n)2+

� kT N s
8 (sL 2 + L 2

7 (3s + 4s4))kn � r � nk2]:
(69)

The stresstensorevaluated at the leadingorder solution f 0 yields the identical expression

as the one in [1]. Therefore, the stressexpressiondoesnot reduceto that in the Ericksen-

Leslie theory; however, it doescontain every term in the Ericksen-Lesliestressexpression.
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The Frank elastic constants and the Leslieviscosity coe�cien ts are identical to the onesin

[1]. Hence,the inclusion of a weak translational di�usion does not changethe asymptotic

dynamicsin the limit of the weak 
o ws and weak distortional elasticity.

When the translational di�usion competeswith the rotary di�usion at the sameorder,

the torque balance equation contains additional gradient terms with up to fourth order

spatial derivatives. The asymptotic limit certainly extendsthe Ericksen-Leslietorquebalance

equation to account for higher orders e�ect. The details are cumbersomeand therefore

omitted here.

4 Conclusion

We have developed a kinetic theory for 
o ws of nonhomogeneousliquid crystalline poly-

mers of spheroidalcon�gurations generalizingthe kinetic theory of Kuzuu and Doi for ho-

mogeneousliquid crystal polymers as well as that of Wang for nonhomogeneousLCPs to

account for translational di�usion and density variation in space. The theory is applicable

to 
o ws of rodlike liquid crystal polymersat the large aspect ratios and to thoseof discotic

onesat small aspect ratios. It also accounts for the molecular con�gurational e�ect in the

viscousstressdue to polymer-solvent interaction. The theory is shown to satisfy the second

law of thermodynamics and warrant a positive entropy production and, therefore, is well-

posedfor 
o ws of LCPs. In the asymptotic limit of weak 
o w, weak distortional elasticity,

weak translational di�usion, and long time, the theory yields at leading order the torque

balanceequation of the Ericksen-Leslietheory. Otherwise, it is a bona �de extensionof the

Ericksen-Leslietheory that includeshigher order e�ects.
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App endix

Deriv ation of the elastic stress tensor using virtual work principles

We calculate the variation of the free energy A[f ] with respect to the variation of the

probability density function de�ned by

� f =
df
dt

� t = �R � (m � _mf )� t: (70)

This indicatesthat not only the rotational con�guration of the spheroidalmolecule,but also

its massof center are perturbed along the moving tra jectory of the material point x. Then,

� A[f ] = kT
R

G

R
km k=1 [(lnf + V

kT )� f + 1
2kT (f � V � V � f )]dmdx: (71)

Assuming the deformation tensor K � t and its derivatives vanish at @G and applying inte-

gration by part, we have
R

G

R
km k=1 [(lnf + V

kT )� f ]dmdx =
R

G K �� � t : f 3a(M � I
3) � a

2 [h(m � RV)mi +

hm(m � RV)i ] � 1
2[h(m � RV)mi � hm(m � RV)i ]g�� dx;

(72)

and
R

G

R
km k=1 [ 1

2kT (f � V � V � f )]dmdx = �
R

G K �� � tf Ak T
2 [L 2

24 (r � � r � � � � r � r � � )+

L 2

48 (r � M �� r � � � � r � r � M �� + r � � r � M �� � r � r � � M �� )]�

3N kT
4 [L 2

24 (r � M �
 r � M �
 �

r � r � M �
 M �
 ) + L 2

48 (r � M 4i� �
 r i M �
 � r � r i M 4� i�
 M �
 + r � M �
 r i M 4i� �
 �

r � r i M �
 M 4� i�
 )]gdx:

(73)
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In arriving at the above expression,we have usedthe following identities

r � v = 0;

r i r j (v � r � ) = v � r � r j r i + r i (K �j r � ) + K �i r � r j :
(74)

The extra terms given by (73) are resulted from the interaction of the long range elas-

tic potential and the spatial convection, which contributes additional elastic torque to the

macroscopicmotion of the material.
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