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The Doi theory hassuccessfullymodeledthe monodomainshear¯ow problemfor rigid, rodlike nematic
polymers.Numericalsimulationsof the Smoluchowskiequationfor the orientationalprobability distribution
function ~PDF! predictmonodomainattractorsin regionsof nematicconcentrationN andshearrategÇ. Theo-
retical work has focusedon approximateconstructionsof PDF solutions in linear ¯ow regimes.Here we
developa collectionof simpleobservations,expressedby symmetriesof the Smoluchowskiequation,which
imply global propertiesthat all PDF solutionsmustobey. The well-known orientationaldegeneracyof quies-
centnematicsis a continuousO~3! symmetry. In simpleshear, a discretere¯ection symmetrysurvivesthat is
evident in recentnumericalsimulationsand implies bistability of out-of-planeattractors;and rodlike and
discoticnematicliquids of reciprocalaspectratio respondidenticallyup to a ®xedrotationof thePDF. Finally,
we show the orientationaleffects due to varying molecularaspectratio in any linear ¯ow are equivalentto
varying the strainingcomponentof the ¯ow ®eld.
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I. INTRODUCTION

Numerical simulations, largely basedon sphericalhar-
monic expansion@1±10#, have beeninstrumentalin estab-
lishing agreementbetweenexperimentalphenomenaof nem-
atic polymersandtheDoi kinetic theory@11±18#for ¯owing
polymericliquid crystals.Most notably, monodomainattract-
ing statesand their transitionsversusshearrate havebeen
correlatedwith rheologicalfeaturesof sign changesin nor-
mal stressdifferencesandstructuralchangesin apparentvis-
cosity and shearstress.Thesecorrelationswith experiment
rely ®rstandforemoston accuratesimulationof the Smolu-
chowskiequationfor the molecularorientationalprobability
distribution function, and thenon the identi®cationof those
solutionswith monodomainsteadyor transientstates.For
example,the logrolling andkayakingsolutions,whosemajor
director, respectively, aligns with or oscillatesaround the
vorticity axis in simple shear, were ®rstexhibitedwith ki-
netic theory simulationsin the early 1990s@2,4#. Attracting
out-of-planestatesthat either align or oscillate strictly be-
tween the vorticity axis and shearingplane have only re-
cently beendiscovered@7,8#.

The ®nalstepin relating theory to experiment,oncethe
phasediagramof attractingstatesis established,is to evalu-
ate constitutive laws for rheologicalpropertiesalong each
stablesolution branch.The brunt of the dif®cultytherefore
lies in the accuratecomputationof the full ¯ow-phasedia-
gramof all individual monodomainattractors,their classi®-
cationassteadyor unsteady, stableor unstable,themultiplic-
ity ~continuousor discrete! of solution branches,and their
transitions ~i.e., bifurcations! that may occur by varying
shearrate,or strengthof thenematicpotential~usuallymod-
eled as a concentrationparameter!, or other recent model

parametersincludedin the extendedDoi kinetic theorysuch
asmolecularaspectratio ~cf. Ref. @19#!.

Renewedinterestin monodomaindynamicsof rigid mac-
romolecular¯uids is compelledby recent detailed kinetic
theorysimulationsof Faraoniet al. @7#andGrossoet al. @8#.
Thesestudiesreveal striking kinetic theory phenomena, as
well as clarify previously reported results, in the mon-
odomainresponseof rigid thin rods to simple shear:~1! A
discretenumberof stableandunstablesolutionbranchesfor
each®xedshearrate; ~2! variousbifurcationsamongthese
branches,including a period-doublingroute to chaotic dy-
namicsin a window of intermediateshearratesfor a narrow
rangeof nematicconcentration;and~3! a re¯ection symme-
try of out-of-planestates~both steadyand periodic! which
leads, among other properties, to parameterregimes of
bistableorientationalresponse.

From the theory of dynamicalsystems,one knows that
global features, i.e., propertiesof the entire phasespaceof
solutions,areoften associatedwith symmetries.In Ref. @20#
the authorsdevelopeda collectionof symmetriessharedby
severalmesoscopictensormodels,i.e., propertiesthosewere
apparentlyrobust to closureapproximation.Theseobserva-
tions aregeneralizednow to the kinetic theory.

II. THE EXTENDED DOI KINETIC THEORY

We ®rstrecall the kinetic theory for homogeneousnem-
atic liquids relevantfor our purposes@19#. Let f (m,t) be the
probability distribution function ~PDF! correspondingto the
probability that theaxisof revolutionof themoleculeis par-
allel to directionm ( i mi 5 1) at time t, wherethe lcp mol-
eculeis modeledasanaxisymmetricellipsoidof aspectratio
r ~length of the moleculesymmetryaxis divided by the ra-
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diusof thetransversecircularcrosssection!. The¯uid veloc-
ity is denotedby v. TheSmoluchowski~kinetic! equationfor
f (m,t) is given by ~e.g.,@12,21,19#!

] f

] t
5 D r~a!R •FSR f 1

1

kT
f R VMSDG2 R •@m3 mÇf #,

~1!

where ] /] x5 “ and R 5 m3 ] /] m are the spatial and the
rotationalgradientoperator, respectively,

mÇ5 V • m1 a@D• m2 D:mmm# ~2!

is the Jeffery orbit of axisymmetricellipsoidal molecules
@22#, D and V are the rate of strain and vorticity tensors,
respectively, de®nedby

D5 1
2 ~“ v1 “ vT! , V 5 1

2 ~“ v2 “ vT! , ~3!

2 1< a< 1 is the molecularshapeparameterrelatedto the
aspectratio r by

a5
r 22 1

r 21 1
. ~4!

The coef®cientD r is an averagedrotary diffusivity, takento
be constant to make contact with @7,8#; an orientation-
dependentrotary diffusivity will not changethe symmetry
propertiesdevelopedbelow, but will affect the phasedia-
gram in the simple ¯ows discussedherein; k is the Boltz-
mannconstant,T is theabsolutetemperature,andVMS is the
Maier-Saupeintermolecularpotential with strengthpropor-
tional to the dimensionlesspolymerconcentrationN,

VMS52
3NkT

2 ^mm&:mm. ~5!

Here

^~• !&5 E
i mi 5 1

~• ! f~m,t !dm. ~6!

The average,or mesoscopic,molecularorientationis tradi-
tionally de®nedin termsof thesecondmomentof f, M, or its
tracelessequivalentQ, the mesoscopicorientationtensor,

M5 ^mm&, Q5 M2
I

3
. ~7!

Theseequations,coupledwith momentum,mass,anden-
ergy balanceequations,constitutethe extendedDoi theory
for ®nite-aspect-rationematic¯uids. For isothermal,linear
¯ow ®elds, theseconservationlaws are satis®edidentically,
andthe full system`̀ simpli®es'' to the homogeneouskinetic
equation~1!.

III. A COLLECTION OF OBSERVATIONS

A. Orientational degeneracyin hydrodynamic equilibrium

Without ¯ow, the kinetic equation~1! reducesto

] f

] t
5 D r~a!R •FSR f 1

1

kT
f R VMSDG. ~8!

Let UP O(3) denotesany orthogonaltransformationacting
on the con®gurationspace~the sphereS2) of m ~seeRef.
@23#!. We now state the basic fact that is inherent in the
seminalworksof Onsager@24#, Landau@25#, de Gennesand
Prost@26#, Hess@27#, andDoi @11#.

Orientational degeneracyof quiescentnematic liquids.
Every anisotropicsolutionof Eq. ~8! generatesa continuous
family of solutionsparametrizedby the group O~3! of or-
thogonaltransformations.That is, everyanisotropicsolution
f (m,t) of Eq. ~8!, for arbitrary initial data f (m,t5 0)
Þ 1/4p , generatesan entire O~3! group of solutions,
f (U• m,t), where UP O(3). The isotropic equilibrium f
[ 1/4p is isolated,i.e., a ®xedpoint of the symmetry.

We give a proof to illustrate the generalityof potentials
for which it holds.First, rewrite Eq. ~8! into the form

] f

] t
5 D r~a!R •SR f 1

1

kT
f R VMSD

5 D r~a!
]

] m
•F]

] m
f 1

1

kT
f

]
] m

VMSG. ~9!

Considera generalclassof intermolecularpotentialsV,

V„m, f~• ,t !…5 E
i m8i 5 1

h~m,m8! f~m8,t !dm8, ~10!

whereh(m,m8) is a geometricexpressionfor the excluded
volumethat must~on physicalgrounds! satisfya basicdual-
ity relation,

h~m,UT• m8!5 h~U• m,m8! . ~11!

This classof potentials,andthesymmetryproperty, includes
Maier-SaupeandOnsagerpotentialsasspecialcases,

hMS52 3
2 NkT~m• m8! 2,

hO5 bNkTi m3 m8i , ~12!

whereN is a strengthparameterassociatedwith a dimension-
lessmolecularconcentration,and b is a parameterpropor-
tional to the volume of the molecule.The symmetry~11!
statesthat theexcluded-volumepotentialcannotgive thedif-
ferenceif one rotatesm relative to m8 or vice versa.This
propertyappliesto anyaspect-ratiomolecular̄ uid for which
a distinguishedmoleculeaxis is speci®ed.

For any orthogonaltransformationU, an explicit calcula-
tion showsthat

]
] m

f~U• m,t !5 UT•
]

] n
f~n,t ! , ~13!
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where

n5 U• m. ~14!

It thenfollows that

]
] m

•
]

] m
f~U• m,t !5

]
] n

•
]

] n
f~n,t ! . ~15!

With f U(m,t)5 f (U• m,t), the intermolecularpotential has
the property

V„m, f U~• ,t !…5 E
i m8i 5 1

h~m,m8! f~U• m8,t !dm8

5 E
i n8i 5 1

h~m,UT• n8! f~n8,t !dn8

5 E
i n8i 5 1

h~U• m,n8! f~n8,t !dn8

5 V„n, f~• ,t !…. ~16!

It follows that

]
] m

•
]

] m
V„m, f U~• ,t !…5

]
] n

•
]

] n
V~n, f~• ,t !…,

]
] m

f~U• m8,t ! •
]

] m
V„U• m, f U~• ,t !…

5
]
] n

f~n,t ! •
]

] n
V„n, f~• ,t !…. ~17!

CombiningEqs.~15!, ~16!, and~17!, we have

]
] t

f U~m,t !5 D r~a!R •FR f U1
1

kT
f UR V„m,f U~• ,t !…G

5 D r~a!
]

] m
•F]

] m
f U1

1

kT
f U

]
] m

V„m, f U~• ,t !…G,
~18!

or equivalently,

]
] t

f~n,t !5 D r~a!
]

] n
•F]

] n
f 1

1

kT
f

]
] n

V„n, f~• ,t !…G
5 D r~a!R n•FR nf 1

1

kT
f R nV„n, f~• ,t !…G,

~19!

where R n5 n3 ] /] n. Thus, if f (m,t) satis®esEq. ~8!, so
doesf U(m,t).

Thesetof equilibriumsolutionsof Eq. ~8! versusnematic
concentrationN comprisesthe isotropic-to-nematicphase
transition diagram;refer to Refs. @7,28,8#. The two aniso-
tropic solution branches,f 1 (m), f 2 (m), which exist for
suf®cientlylarge N, eachcorrespondto a continuousO~3!
group of equilibria, f 1 (U• m), f 2 (U• m), for UP O(3).

This rotationalsymmetryis the fundamentalmechanismthat
Onsager@24#, Landau@25#anddeGennesandProst@26#use
to deducethat the I -N transitionhasto beof ®rstorder@26#.

We emphasizethesesymmetriesgive a priori control of
the `̀ most probabledirections'' of orientationof the quies-
centnematicequilibria, f 1 ~stable!, f 2 ~unstable!. The peak
direction of f 1 ,2 coincideswith the `̀ major director'' de-
®nedin termsof the second-momentQ-tensorprojectionof
f. That is, if two PDF f 1,2 are related by the symmetry
f 1(m)5 f 2(U• m), then their second-momentprojections
Q1,2 automaticallysatisfyQ15 UT• Q2• U, which reproduces
the mesoscopicform of the symmetry @20#. In numerical
simulationsat nematicconcentrationspastthe I-N transition,
a random initial distribution f (m,t5 0) will converge nu-
merically to oneelementof theO~3! degeneratesolutionf 1 ,
from which onecandeducethe Euler anglesof the `̀ major
director.'' But the inverseproblem,whereoneprescribesthe
Euler anglesof the asymptoticequilibrium distribution, i.e.,
whereoneprescribesthe speci®celementUP O(3), is only
solvedwith symmetries.

The constructionproceedsas follows. We ®rstborrow a
result from the following section,Eq. ~32!, which character-
izes `̀ in-plane orientation'' at the kinetic equationlevel of
the PDF f, and which preservesthe `̀ in-plane'' de®nition
basedon theQ-tensorprojectionof f. This symmetryallows
us to initialize randomin-plane,biaxial initial distributions
f ip(m,0); by the group symmetry, every suchorbit is guar-
anteedto remainin-plane,andthereforeall suchanisotropic
initial dataarein the stablemanifold of an in-planenematic
equilibrium f ip

1 (m). ~Prior to ¯ow, thereare in®nitelymany
invariantplanes,but we selectthe x-y planeto be consistent
with subsequentdevelopmentsin planarshear, wherethis is
the unique invariant plane.! We ®rst choosebiaxial initial
datafor Fig. 1 whosemajor director aligns with the z axis,
and therefore the distribution converges to the unique
uniaxial in-plane distribution peakedalong the z axis. We
emphasizethe PDF mustremainpeakedalongthe z axis for
all time, by the symmetry. Figure 1 plots the projectionof
this orbit onto the orderparametersof the Q tensor~equiva-
lently M!; thedirectorsarenot shown,sincetheyarepassive
during the evolution.Next we rotatethe initial dataout-of-
plane,f op(m,0)5 f ip(U• m,0) with the speci®cchoice

U5 S)

3

)

3

)

3

0
&

2
2

&

2

2
2A6

6

A6

6

A6

6

D. ~20!

The numericalintegrationof this data,by the symmetry, has
to agreeat all timeswith theU transformationof thein-plane
PDF solution.Therefore,the orbit is guaranteeda priori to
converge to the distribution f 1 (Um). This is con®rmednu-
merically, and offers a good benchmarkon the code and
visualizationroutines.Since f op and f ip haveQ tensorpro-
jectionsrelatedby Qop(t)5 UT• Qip(t)• U for all time, we are
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guaranteedby the O~3! symmetryof Eq. ~8! that the eigen-
vectorsare initially transformedby U and do not vary in
time, whereasthe eigenvalues~orderparameters! of eachQ
tensorevolve identically for all time ~Fig. 1!.

We now recall essentialingredientsof Galerkin expan-
sionsfor the Smoluchowskiequationandthe projectionfor-
mula for the second-momenttensor. The sphericalharmonic
expansionfor f @2,4,7,8#is

f~m,t ! ' (
l 5 0

L

(
m52 l

l

al ,m~t !Yl
m~u,f ! , ~21!

where Yl
m are complex sphericalharmonicbasis functions

@29#,

Yl
m5 Pl

m~cosu!eimf , ~22!

wherePl
m areLegendrepolynomials,u, f aresphericalco-

ordinateswith u being the polar angleandf being the lati-
tude angle,and L is the order of truncationin the Galerkin
approximation.

In the Appendix, we give an explicit form ~48! of the
dynamicalsystemfor the amplitudesal ,m(t) which results
from the aboveexpansionfor f in the Smoluchowskiequa-
tion with and without an imposedlinear ¯ow ®eld.These
equationsare not new; this form is usedto prove the ¯ow-
nematickinetic symmetries.

The three amplitudesa2,0,a2,1,a2,2 uniquely specify the
second-momenttensorQ,

Qxx52
2

3
Ap

5
a2,01 A8p

15
Re~a2,2! , ~23!

Qyy52
2

3
Ap

5
a2,02 A8p

15
Re~a2,2! , ~24!

Qxy52 A8p
15

Im~a2,2! , ~25!

Qxx52 A8p
15

Re~a2,1! , ~26!

Qyz5 A8p
15

Im~a2,1! , ~27!

where,Re(•) andIm(•) representthe real andthe imaginary
part, respectively.

Theamplitudesal ,m(t) of f areequivalentto themoments
of thedistributionf ; oneway to recovera continuous~with-
out ¯ow ! or discrete~with ¯ow ! symmetryfrom themoment
equationsis througha transformationon the spaceof solu-
tions which maps orbits of the dynamical systemal ,m(t)
onto new orbits.All discrete¯ow symmetriesaredescribed
below in this way.

B. Mirr or symmetry of all out-of-plane responses
to simple shear

In this sectionwe specializethelinearvelocity ®eldin Eq.
~1! to simpleshearwith arbitraryshearrategÇ, representedin
standardCartesiancoordinates,

v5 gÇ~y,0,0! . ~28!

FIG. 1. Orientationalsymmetryof orbits in thestablemanifoldof thenematicequilibrium f 1 . Fix thestrengthN5 5 of theMaier-Saupe
potentialwhich is abovethe I-N transition.Two orbits f 1,2(m,t) of theSmoluchowskiequationwithout ¯ow ~8! arenumericallycomputed;
the initial dataf 1(m,0) is in-plane, de®nedby Eq. ~32! for thex-y plane,whereasf 2(m,0)5 f 1(U• m,0) is anout-of-planerotationof f 1 for
U given in Eq. ~20!. Theseorbits converge to equilibrium distributions,and orientationalsymmetryimplies f 2(m,t)5 f 1(U• m,t) for all
time, which we do not enforcebut rathercon®rmby numericalintegration.Eachorbit is projectedonto thesecond-momenttensorM1,2(t),
which accordingto orientationalsymmetrymust be relatedby a similarity transformationby U, Eq. ~20!, M2(t)5 UT• M1(t)• U. Since
eigenvaluesare invariant underorthogonalsimilarity transformations,we can illustrate the symmetryby showingthat the eigenvaluesof
eachsecond-momentareidenticalduringtheentireevolution.Theeigenvaluesareordered1> d1> d2> d3> 0. Indeed,thecurveslie on top
of one another, and converge to the uniaxial distributionswith d25 d3 . Any other UP O(3) resultsin the samecurve, illustrating O~3!
degeneracyof everyorbit of Eq. ~8!, andlikewise the nematicequilibrium f 1 .
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In Ref. @20#, we prove that the preclosureform of the
mesoscopicDoi theory admits a re¯ection symmetry:any
orbit Q(t) of the mesoscopictheorygeneratesanotherorbit
symmetric about the shearingplane. A constructivealgo-
rithm is given: retain the samevaluesof in-plane compo-
nents,Qxx ,Qxy ,Qyy ,Qzz, andreversethe sign of both out-
of-plane components,Qxz ,Qyz . Any out-of-planesolution
will generatea solution that is distinct pointwisein time; if
theentireorbit is not symmetricwith respectto thevorticity
axis, thenthe solutionsaredistinct. Logrolling andclassical
kayaking orbits that rotate around the vorticity axis are
mappedto themselves,and thereforeare unique.This dis-
cretere¯ection symmetryis compactlyrepresentedin terms
of a similarity transformationof themesoscopictensorQ(t),
employingthe planarre¯ection transformationV2 ,

V2
T• Q~t ! • V2 , ~29!

wherethe Cartesianrepresentationof re¯ection throughthe
(x,y) planeis

V25 diag~1,1,2 1! . ~30!

Thesetwo formulationsof shear-inducedmirror symme-
try are now generalizedto the Smoluchowskiequation~1!
with imposedshear̄ ow ~28!.

Re¯ection symmetryin terms of the spherical harmonic
expansionof the orientationaldistribution function f. Every
solutionf (m,t) of Eq.~1! hassphericalharmonicamplitudes
al ,m(t), which generateanotherPDFsolutionf sym(m,t) with
amplitudes

~2 1! mal ,m~t ! . ~31!

Moreover, the orientationaldistributions f and f sym are
mirror symmetricwith respectto the shearingplane,gener-
alizing the mesoscopicsymmetry~29!.

In-plane con®gurationsremainin-plane for all time. We
de®nean in-plane subspaceof orientational distribution
functionsby the in®niteset of conditionswhich generalize
the Q tensorin-planeconditionsQxz5 Qyz5 0,

al ,m5 0 for all m odd. ~32!

The entire in-planesubspaceis invariant under the ¯ow of
the Smoluchowskiequation~1!.

All in-planeorbits f (m,t) aremappedto themselfby this
symmetry. Invarianceof this subspacefurther implies in-
plane orientational con®gurationscannot become out-of-
plane,nor can any out-of plane con®gurationsbecomein-
plane, in ®nite time. Out-of-plane orbits whose major
directordoesnot align with thevorticity axisnor rotateabout
thevorticity axismustremaintilted to onesideof theshear-
ing plane. Explicit examplesinclude branchesof out-of-
planesteadyandperiodicstatesidenti®edin Ref. @7#, which
theyexplicitly showto occurin mirror-symmetricpairs.This
symmetryexplainstheir observations,but alsoimpliesevery
orbit in the stableand unstablemanifoldsof everysolution,
in-planeor out-of-plane,hasa mirror-symmetricorbit. Fig-
ure2 illustratesthere¯ection symmetryin simpleshear. Fig-

ure 2~a! illustratestwo mirror-symmetricorbits for a ®xed
shearrateandnematicconcentration;the equatorin this ®g-
ure is theshearplaneandthenorthpole is thevorticity axis.
The orbit in the northernhemisphereconvergesto a `̀ tilted,
out-of-planeperiodic'' attractor, shown in Fig. 2~b!. Each
orbit and attractorare mirrored by anothernumericalsolu-
tion generatedeitherby re¯ecting the initial datathroughthe
shearingplaneandsolvingfor f, or applyingthesymmetryto
the entirenorthernhemisphereorbit. Here,the PDF f is pro-
jectedontothesecond-momenttensor, from which themajor
director is extractedat eachtime step.

Other consequencesfor the dynamicsof monodomains
follow. For example,if a tumblingor waggingin-planeorbit
is the unique attractor, then out-of-plane orbits converge
symmetricallyfrom both sidesof the shearingplane;a simi-
lar phenomenonoccursfor convergenceto steadyin-plane
attractors.Likewise,manyin-planesolutionsareunstableto
out-of-planeperturbations;their unstablemanifoldsaremir-
ror symmetric.We note that the PDF solutions identi®ed
with the logrolling steadystate~whosemajor directoraligns
with the vorticity axis! and the classical Larson-Ottinger
kayakingorbit ~whosemajordirectorrotatesaroundthevor-
ticity axis! are mappedonto themselvesby this symmetry;
thereforesuchmonodomainattractorsareisolatedanddo not
occur in pairs.

Another proof of the mirror-re¯ection symmetry~31! is
gainedby ®xingthecoordinaterepresentationof thePDFf in
the Smoluchowskiequation~1!; afterwardswe apply the re-
¯ection transformation,for which the equationremainsin-
variant. We write this result in terms of any ®nite-aspect-
ratio ¯uid with molecular geometryparametera, a ®xed
shear̄ ow ~28!, anda correspondingsolutionf of thekinetic
equation~1!. We notethat

FIG. 2. Re¯ection-symmetric,out-of-plane,periodic solutions
of the shear-driven Smoluchowskiequation~1! for in®nite-aspect-
ratio, rodlike macromolecules(a5 1), nematic concentrationN
5 5.5,andnormalizedshearratePe5 6. Theprimarydirectorof the
Q-tensorprojection of f (m,t) is shown for eachattractingmon-
odomainstate,illustratingdiscretemirror symmetrywith respectto
the shearingplane.The equatorcorrespondsto the shearplane;the
centraldot representsthe ¯ow direction~x! andthe edgedot repre-
sentsthe ¯ow gradientdirection ~y!. Thesesymmetricattractors,
reportedin Ref. @7#, may be viewed as either `̀ tilted kayakingor-
bits'' or `̀ out-of-planewaggingorbits.'' The right ®gureshowsthe
attractor. The left ®gureshowsthe orbit that convergesto this at-
tractor from a pair of arbitrarily chosenout-of-planeinitial data,
relatedonly by Eq. ~31!. Thedatais recordedfrom every15th time
step.
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V2• vshear5 vshear, V2• V • V2
T5 V , V2• D• V2

T5 D.
~33!

So, the time evolutionof n5 V2• m obeysEq. ~2! and

R •„m3 mÇf V2
~m,t !…5

]
] m

•„mÇf V2
~m,t !…5

]
] n

•„nÇf~n,t !…

5 R n•@n3 nÇf~n,t ! #. ~34!

The ¯ow-independentpart follows from our proof of the
orientationaldegeneracyin equilibrium. Thus, we havees-
tablished a transformationbetween solutions of the two
Smoluchowskiequationsde®nedby the triples

~a,vshear, f ! , ~a,V2• vshear, f V2
! . ~35!

C. Orientational equivalencebetweenrodlike and discotic
nematic ¯uids in simple shear, for ®nite and in®nite

aspectratios

We now establisha remarkableequivalencein the shear
responseof nematic liquids with reciprocalaspectratios r
and1/r . This resultwaspreviouslyestablishedin Ref. @20#
for tensormodels,which we recall.The Qr tensor~the sub-
script labelsaspectratio r! responseto simpleshearat ®xed
nematicconcentrationN for rods(r . 1) generatestheorien-
tationalresponseat thesameshearrateandconcentrationfor
a discotic liquid of aspectratio 1/r . Indeedthey are related
by the explicit transformation

Qr 2 15 V6
T • Qr• V6 , ~36!

where V6 is a pure clockwise ~2 ! counterclockwise~1 !
rotationby p/2 rad. in the shearingplanethat ®xesthe vor-
ticity axis,

V1 5 S0 1 0

2 1 0 0

0 0 1
D, V2 5 V1

T . ~37!

All mesoscopicorientationalresponsesof rodlike and dis-
cotic liquids in simple shearare relatedby this 1:1 corre-
spondence.We now extendthis result to kinetic theory. Re-
call the molecular geometryparameterin Eq. ~1!, a5 (r 2

2 1)/(r 21 1), wherer is the molecularaspectratio. Thus,r
and1/r correspondto a and2 a, which appearsparametri-
cally in Eq. ~1!.

Rod-discoticcorrespondencein simple shear. Fix any
shearrategÇ andnematicconcentrationN; rodlike ~discotic!
liquids are parametrizedby positive ~negative!-aspect-ratio
parameteruau(2 uau). Eachsolution f uau(m,t) of the Smolu-
chowskiequation~1! for arbitraryinitial dataf (m,t5 0) has
the sphericalharmonicexpansion~21! with a uniqueset of
amplitudefunctionsal ,m

1 (t). Transformthe initial dataand
correspondingPDF solutionasfollows:

al ,m
2 ~0!5 i mal ,m

1 ~0! , i 5 A2 1,

al ,m
2 ~t !5 i mal ,m

1 ~t ! . ~38!

From these data, construct the distribution function
f 2 uau(m,t) by the sphericalharmonicexpansion~21!. Then,
f 2 uau is a solutionof Eq. ~1! for ¯uids with aspect-ratiopa-
rameter2 uauandinitial data f (m,0) de®nedby al ,m

2 (0).
To provethat this symmetrymapsall solutionsof Eq. ~1!

for aspectratio r to solutions for aspectratio 1/r , it is a
routine calculationto verify the following symmetryof the
dynamicalsystemfor the amplitudesal ,m given in the Ap-
pendix.With i 5 A2 1,

F l ,m
j 5 i mF l ,m

j , l 5 2,4,..., 2 l < m< l ~39!

for j 5 1,2,3undertheabovetransformation~38!. We remark
that the correspondingresult for mesoscopictensormodels
@20# is far easierto discover and prove, from which this
symmetrywasfound.

If one iteratesthis transformation,then individual solu-
tions f (m,t) aremappedto themselvesif they are in-plane,
but to their mirror symmetrythroughthe shearplaneif they
areout-of-plane.

In Fig. 3 we illustratethis symmetryby plotting all solu-
tion branches,stable and unstable,of the Smoluchowski
equation~1! for all aspect-ratioparametersaP @2 1,1 1#, at
a particular®xedconcentrationN and®xedshearratePe.We
graphthe projectionof all solutionsf onto second-moment
Q-tensorcomponents,asnotedin the caption.Note that the
abovesymmetryimplies a2,0, which is proportionalto the
in-planecomponentQzz, is an evenfunction of a; Re(a2,2),
which is proportionalto the in-planequantityQxx2 Qyy , is
an odd function of a; the out-of-planecomponentsRe(a2,1)
andIm(a2,1), which areproportionalto Qxz andQyz , respec-
tively, are mappedonto one anotherby the symmetry, i.e.,
Qxz(2 a)5 Qyz(a). Thesesymmetriesareevidentin Fig. 3.
Sinceperiodicsolutionsare representedby a pointwisesta-
tistic ~maximumvalueof the indicatedcomponentover one
period!, the odd symmetryof Re(a22) is not evidentfor the
periodicbranchesin Fig. 3~b!.

Thereis anotherformulation of the rod-discoticsymme-
try. A one-to-onecorrespondenceexistsbetweentheorienta-
tional distribution functions f for two nematic liquids of
aspect-ratioparametersa and 2 a. This transformationcan
be formulated in the following way. The Smoluchowski
equation~1! is uniquelyspeci®edby a triple (a,v, f ), where
a is themoleculargeometryparameter, v is a linear¯ow, and
f is the PDF for ®xedN, Pe.Let

n5 V6 • m. ~40!

We note the following propertiesof the rotational transfor-
mations:

V6 • V • V6
T 5 V , V6 • D• V6

T 52 D. ~41!

It thenfollows from Eq. ~2! that for simpleshear~28!

nÇ5 V • n2 a@D• n2 D:nnn#, ~42!

so the Jeffery molecularorbit equationfor n is recoveredif
we replacea by 2 a, i.e., the Jeffery orbit is invariantunder
the transformation(a,m)! (2 a,n5 V6 • m). The resultfol-
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lows from Eqs. ~15!±~17! and ~34!. Thus, we establishthe
one-to-onecorrespondencebetweentheSmoluchowskiequa-
tions,andthereforebetweenall solutions,

~a,vshear, f ! ! ~2 a,V6 • vshear, f V6
! . ~43!

As illustratedin Fig. 3, all phasetransitions~bifurcations
versusN or Pe!, all stableandunstable,steadyor transient,
monodomainstatesoccursimultaneouslyfor rodsanddiscot-
ics of reciprocalaspectratios.We cautionthat the constitu-
tive stressequaitondoesnot preservethis symmetry, since
Miesowicz viscositiesand elasticity constantsvary greatly
betweenrodlike anddiscoticnematicpolymers@19#. There-
fore, this one-to-onecorrespondenceis for the orientational,
homogeneousresponseto imposedshear. Therheologicalre-
sponseandsubsequentstructureformationdo not sharethis
correspondence.

D. One-to-onecorrespondencebetweendiffer ent aspect-ratio
¯uids in related linear ¯ows

We againnotethattheSmoluchowskiequation~1! de®nes
a `̀ triple'': „a,v, f (m,t)…. Consideran arbitrary linear ¯ow
decomposedinto symmetricandantisymmetricparts,

v5 ~V 1 D! • x. ~44!

We observefrom Eq. ~1! that the rate-of-straintensorD and
geometryparametera enter linearly and only throughtheir

product. This fact underliessymmetriesof the system~1!
which we describein termsof the triple de®nedabove,

~a,v, f ! ! „1,~V 1 aD! • x, f …, ~45!

~a,v, f ! ! ~2 1,~V 2 aD! • x, f ! , ~46!

~a1 ,v, f ! ! Xa2 ,SV 1
a1

a2
DD• x, f C. ~47!

The ®rsttwo symmetriesimply an identical monodomain
responsef of: any ®niteaspect-ratiōuid with geometrypa-
rametera in any linear ¯ow ®eld,andextremelythin rodlike
or discotic ¯uids, respectively, in a linear superpositionof
the identical linear ¯ow ®eldperturbedby a pure-strainve-
locity component.This correspondencehasexperimentalim-
plications for monodomainbehavior, as indicated in Ref.
@20#. For example,the monodomainresponseto the linear
¯ow of an entire aspect-ratiospectrumof monodisperse
nematicliquids canbe inferred from ¯ow experimentson a
single large-aspect-rationematic liquid by controlling the
amplitudeof the strainingcomponentwhile holding the vor-
ticity component®xed.Alternatively, a ®nite-aspect-ratio,
monodispersenematicliquid in simpleshearcanbe usedto
mimic moregenerallinear ¯ows of extremelythin rodlike or
discotic ¯uids. The last symmetryshows that the orienta-
tional distributionsof any two distinct aspect-ratioliquids

FIG. 3. Illustrationof therod-discoticsymmetryof monodomainorientationaldistributionsfor nematicliquids in simpleshear. All stable
and unstablesolution branchesare depictedfor aP @2 1,1#, equivalentlyrP @2 ` ,1 ` #, for the Smoluchowskiequation~1! with ®xed
nematicconcentrationN5 6, andrelativelystrongnormalizedshearratePe5 8.5.Foursphericalharmonicamplitudecomponentsareplotted,
which correspondto the projectionof the orientationaldistribution f onto the second-momenttensor, as seenfrom Eq. ~27!: the in-plane
componentsa2,0 ~proportionalto Qzz) andRe(a2,2) ~proportionalto Qxx2 Qyy), andthe out-of-planecomponentsRe(a2,1) ~proportionalto
Qxz) andIm(a2,1) ~proportionalto Qyz). Thesolid thin line indicatesastablesteadysolution;thedashedthin line indicatesanunstablesteady
solution branch;the solid thick line indicatesstableperiodic solutions; the dashedthick line indicatesunstableperiodic solutions.For
periodicsolutions,themaximumvalueof the indicatedquantityis given,which breakstheperfectoddsymmetryof Re(a22) in the top right
graph.The ®guresillustrate:a20 is an evenfunction of a; Re(a22) is an odd function of a; andRe(a21) for a mapsonto Im(a21) for 2 a.
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can be placedin one-to-onecorrespondenceby varying the
straincomponentof the velocity while holding the vorticity
component®xed.

This symmetryprovidesphysicalintuition asto why mo-
lecular aspect-ratiovariationscould lead to signi®cantex-
perimentalchangesrelativeto thin rodlike ¯uids. In Ref.@20#
we ®nddramaticchangesin ¯ow phasediagramswhen the
molecularaspectratio is reducedto the rangeof 5:1 to 3:1.
Steady-unsteadytransitions,newtypesof monodomains,and
evena period-doublingtransitionto chaoticmonodomaindy-
namics, result solely from aspect-ratiovariations. Corre-
spondingsensitivity of kinetic ¯ow phasediagramsto mo-
lecular aspect ratio will be discussed elsewhere. We
emphasizethat thesepropertiesarerestrictedto linear ¯ows
andhomogeneousorientationaldistributions,anddo not im-
ply suchdirect relationshipsfor rheologicalbehavior.

IV. CONCLUSION

Severalsymmetriesof theextendedDoi kinetic theoryfor
®nite-andin®nite-aspect-ratiōuids in shearandrelatedlin-
ear ¯ows are now established,extendingresultsfrom Ref.
@20# for mesoscopic,moment-averagedapproximationsof
the kinetic theory. Thesesymmetrieshavebeenpresentedin
abstractas well as in constructiveform. A continuousO~3!
family of orientationalprobability distributionsf for quies-
cent nematic liquids is characterizedfor every anisotropic
initial orientationaldistribution. In simple shear, the PDF f
for out-of-plane initial data generatesan explicit mirror-
symmetricsolution f sym with respectto the shearingplane.
This symmetryexplainspreviouslyreportedbistable,out-of-
plane,steadyandperiodicsolutions@7#, andfurtherimpliesa
mirror symmetryof all stableandunstablemanifoldsof in-
plane and out-of-planesolution branches.Finally, orienta-
tional responsesare shown to be in one-to-onecorrespon-
dence for rodlike and discotic nematic liquids in simple
shear, and a similar correspondenceis provided between
®nite-andin®nite-aspect-rationematicliquids in linear¯ows
relatedby a strainingperturbation.All symmetriesare illus-
trated with exact solutions or bifurcation diagrams,using
codesdevelopedin the sequelto this paper@28#, whereap-
plicationsof thesesymmetriesarepursued.
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APPENDIX

The dynamicalsystemfor the amplitudes$al ,m(t)%in the
sphericalharmonicexpansionof f, Eq. ~21!, resultsfrom a
routineGalerkinprocedure~cf., Refs.@2,4,6#! appliedto the
Smoluchowskiequation~1! and Jeffery orbit dynamics~2!.
This systemof ODEscanbe representedin the form

d

dt
~al ,m!5 F l ,m

1 1 F l ,m
2 1 F l ,m

3 ,

where

F l ,m
1 52 D r~m,a! l~l 1 1!al ,m ,

F l ,m
2 5

4p
5

N~2 1! mD r~m,a!

3 (
p52 2

2

(
n5 l2 2

l1 2

an,m2 pa2,pq~l ,m,n,p! ,

F l ,m
3 5 i

1

4
A8p

15
~2 1! mmH(

n5 l2 2

l1 2

an,mq1~l ,m,n!

1 a (
n5 l2 2

l1 2

an,m1 2q2~l ,m,n!

1 a (
n5 l2 2

l1 2

an,m2 2q3~l ,m,n!J.

All numbersq appearingabovearereal constantsarising in
sphericalharmonicexpansions,

q~l ,m,n,p!52 1
2 @cl ,m,1c2,p,1un,m2 p; j ,p1 1;l ,2 m2 1&

1 cl ,m,2c2,p,2un,m2 p;2,p2 1;l ,2 m1 1&]

1 mpun,m2 p; j ,p;l ,2 m&,

q1~l ,m,n!5 cl ,m,2ul ,2 m1 1;n,m;2,2 1&2 cl ,m,1ul ,2 m

2 1;n,m;2,1&1 2m@A10
3 ul ,2 m;n,m;0,0&

2 A2
3 ul ,2 m;m,k;2,0&],

q2~l ,m,n!5 cl ,m,1ul ,2 m2 1;n,m1 2;2,2 1&

1 2mul ,2 m;n,m1 2;2,2 2&,

q3~l ,m,n!52 cl ,m,2ul ,2 m1 1;n,m2 2;2,1&

1 2mul ,2 m;n,m2 2;2,2&,

where

cl ,m,15 A~l 2 m!~l 1 m1 1! ,

cl ,m,25 A~l 1 m!~l 2 m1 1! ,

thesymbolun,k; j ,p;l ,m&denotesthe integralof theproduct
of threesphericalharmonics,

E
i mi 5 1

Yn
kY j

pYl
mdm

~e.g.,Ref. @29#!. By the parity propertyof the sphericalhar-
monics,any al ,m with odd l is zero, and we only needto
retain coef®cientsal ,m with non-negativem. In simulations
that generate®guresin the body, we assumeconstantD r to
makecontactwith Refs. @7,8#; all symmetrypropertiesare
valid for variableor constantrotary diffusivity.
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Re¯ection symmetry in simple shear

The dynamicalsystem~48! providesan alternativeform
of the discretere¯ection symmetryof f in simple shear. To
provethat theseODEsareinvariantunderthetransformation

al ,m! 2 al ,m , l 5 2,4,...,Lmax, m odd,

al ,m! al ,m , l 5 2,4,...,Lmax, m even,

we split the variables$al ,m%'s into two groups,one having
odd secondindex m, anotherevensecondindex m. The ®rst
groupof variablesforms a vectora1 , andthe secondgroup
of variablesforms a vectora2 . Then,the dynamicalsystem
~48! for the sphericalharmonic amplitudescan be repre-
sentedin the form

da1

dt
5 F1~a1 ,a2! ,

da2

dt
5 F2~a1 ,a2! .

The mirror symmetryfollows if we can show that F1 is an
oddfunctionof a1 andF2 is anevenfunctionof a1 . SinceF1
containsthosefunctions F l ,m

j with m odd and F2 contains

thosefunctionsF l ,m
j with m even,we only needto checkthat

F l ,m
j is an odd function of a1 for odd m andF l ,m

j is an even
functionof a1 for evenm. This is obviouslytruefor theterm
F l ,m

1 , becauseof thefact thatD r(m,a) is an evenfunctionof
any variable al ,m . For the secondterm, F l ,m

2 containsthe
productof the form

an,m2 pa2,p .

For odd m, oneandonly oneof m2 p andp is odd. There-
fore theproductis anodd functionof the®rstgroupof vari-
ablesa1 . For evenintegerm, the integersm2 p andp must
bebothevenor bothodd.Sotheproductis anevenfunction
of the ®rstgroup of variablesa1 . The third term F l ,m

3 only
contains linear terms. If m is odd, then all of
an,m ,an,m1 2 ,an,m2 2 have odd secondindex, so F l ,m

3 is an
odd function of the ®rstgroupof variablesa1 . On the other
hand,if m is even,thenall of an,m ,an,m1 2 ,an,m2 2 haveeven
secondindex,so F l ,m

3 doesnot haveany term relatingto the
®rstgroup of variablesa1 . Therefore,this third term is an
evenfunction of a1 . Theseargumentsestablishthe symme-
try of solutionsabout the in-planesubspaceformed by the
®rstgroupof variablesa1 , with thesecondgroupvanishing.
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