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Symmetriesof the Doi kinetic theory for nematic polymers of arbitrary aspectratio:

At restand in linear ows
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The Doi theory has successfullymodeledthe monodomainshear ow problemfor rigid, rodlike nematic
polymers.Numericalsimulationsof the Smoluchowskiequationfor the orientationalprobability distribution
function PDR predictmonodomairattractorsin regionsof nematicconcentratiorN andshearrate & Theo-
retical work has focusedon approximateconstructionsof PDF solutionsin linear ow regimes.Here we
developa collection of simple observationsexpressedy symmetriesof the Smoluchowskiequation,which
imply global propertiesthat all PDF solutionsmustobey The well-known orientationaldegeneracyf quies-
centnematicsis a continuousO-3! symmetry In simple sheay a discretere ection symmetrysurvivesthatis
evidentin recentnumerical simulationsand implies bistability of out-of-planeattractors;and rodlike and
discoticnematicliquids of reciprocalaspectatio responddentically up to a ®xedrotationof the PDF. Finally,
we show the orientationaleffects due to varying molecularaspectratio in any linear ow are equivalentto

varying the strainingcomponenif the ow ®eld.
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I. INTRODUCTION

Numerical simulations, largely basedon sphericalhar
monic expansion@+10# have beeninstrumentalin estab-
lishing agreemenbetweerexperimentaphenomenaf nem-
atic polymersandthe Doi kinetic theory @1 + 18#for owing
polymericliquid crystals.Most notably monodomairattract-
ing statesand their transitionsversusshearrate have been
correlatedwith rheologicalfeaturesof sign changesn nor
mal stresdifferencesandstructuralchangesn apparentis-
cosity and shearstress.Thesecorrelationswith experiment
rely ®rstandforemoston accuratesimulationof the Smolu-
chowskiequationfor the molecularorientationalprobability
distribution function, and then on the identi®catiorof those
solutionswith monodomainsteadyor transientstates.For
example the logrolling andkayakingsolutions, whosemajor
director respectively aligns with or oscillatesaround the
vorticity axis in simple sheay were ®rstexhibited with ki-
netic theory simulationsin the early 1990s@,4# Attracting
out-of-planestatesthat either align or oscillate strictly be-
tweenthe vorticity axis and shearingplane have only re-
cently beendiscovered@, 84

The ®nalstepin relating theory to experiment,oncethe
phasediagramof attractingstatess establishedis to evalu-
ate constitutive laws for rheological propertiesalong each
stable solution branch.The brunt of the dif®cultytherefore
lies in the accuratecomputationof the full “ow-phasedia-
gramof all individual monodomainattractors their classi®-
cationassteadyor unsteadystableor unstablethe multiplic-
ity ~econtinuousor discreté of solution branchesand their
transitions +.e., bifurcationd that may occur by varying
shearrate,or strengthof the nematicpotential~usuallymod-
eled as a concentrationparametér, or other recentmodel
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parametersncludedin the extendedDoi kinetic theorysuch
asmolecularaspectratio €f. Ref. @9#!

Renewednterestin monodomaindynamicsof rigid mac-
romolecular uids is compelledby recentdetailed kinetic
theorysimulationsof Faraoniet al. @#andGrossoet al. @#
Thesestudiesreveal striking kinetic theory phenomenaas
well as clarify previously reported results, in the mon-
odomainresponseof rigid thin rodsto simple shear:~1! A
discretenumberof stableand unstablesolutionbranchedor
each®xedshearrate; 2! various bifurcationsamongthese
branchesjncluding a period-doublingroute to chaotic dy-
namicsin a window of intermediateshearratesfor a narrow
rangeof nematicconcentrationand-~3! are ection symme-
try of out-of-planestates-both steadyand periodid which
leads, among other properties,to parameterregimes of
bistableorientationalresponse.

From the theory of dynamicalsystems,one knows that
global featuees i.e., propertiesof the entire phasespaceof
solutions,are often associatedvith symmetriesin Ref. @0#
the authorsdevelopeda collection of symmetriessharedby
severalmesoscopitensormodels,i.e., propertieshosewere
apparentlyrobustto closureapproximation.Theseobserva-
tions are generalizechow to the kinetic theory

Il. THE EXTENDED DOI KINETIC THEORY

We ®rstrecall the kinetic theory for homogeneousem-
atic liquids relevantfor our purposes@9 Let f(m,t) be the
probability distribution function PDR correspondingo the
probability that the axis of revolutionof the moleculeis par
allel to directionm (imi5 1) at time t, wherethe lcp mol-
eculeis modeledasan axisymmetricellipsoid of aspectatio
r 4ength of the moleculesymmetryaxis divided by the ra-
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diusof thetransverseircular crosssection. The uid veloc-
ity is denotedby v. The Smoluchowskikinetic! equationfor
f(m,t) is givenby -e.g.,@2,21,19!

f 1
%5 D,-a!R FS& 1, =fR VMSBB R «@n3 1Gf#
=T

where]/]x5“ andR 5 m3 J/]m are the spatialand the
rotationalgradientoperatoy respectively

M5 Veml a@em2 D:mmm# 2!

is the Jefery orbit of axisymmetricellipsoidal molecules
@2% D andV are the rate of strain and vorticity tensors,
respectivelyde®nedy

D5 2~ vl “ v, V53~ v2“ v, -3l
2 1< a< 1 is the molecularshapeparameterrelatedto the
aspectratio r by

r’2 1

— !
IR ~4!

a5

The coef®cienD, is an averagedotary diffusivity, takento
be constantto make contact with @,8% an orientation-
dependentotary diffusivity will not changethe symmetry
propertiesdevelopedbelow but will affect the phasedia-
gramin the simple "ows discussecdherein;k is the Boltz-
mannconstant;T is the absoluteemperatureandV g is the
Maier-Saupeintermolecularpotential with strengthpropor
tional to the dimensionlespolymerconcentrationN,

3NKT
Vmsb2 T"mm&mm. 5l
Here
o1& E ~e I f~m,t!dm. 6!
imi51

The average,or mesoscopicmolecularorientationis tradi-
tionally de®nedn termsof the secondnomentof f, M, or its
tracelesequivalentQ, the mesoscopiorientationtensor

|
M5 "mmg& Q5 M2 z. 7!

Theseequationscoupledwith momentummass,anden-
emgy balanceequations,constitutethe extendedDoi theory
for ®nite-aspect-ratimematic uids. For isothermal,linear
“ow ®elds theseconservatiorlaws are satis®eddentically,
andthe full system”simpli®es'to the homogeneoukinetic
equation-!.
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lll. A COLLECTION OF OBSERVATIONS

A. Orientational degeneracyin hydrodynamic equilibrium

Without ow, the kinetic equation1! reduceso

L B 1 L e vl
7¢5 DralR «[QR f1 (=R Viys 8!

It

Let UP O(3) denotesany orthogonaltransformationacting
on the con®guratiorspace-the sphereS?) of m ~seeRef.
@3#. We now state the basic fact that is inherentin the
seminalworks of Onsager@4# Landau@5# de Gennesand
Prost@6# Hess@7# and Doi @1#

Orientational degeneracyof quiescentnematic liquids.
Every anisotropicsolutionof Eq. 8! generates continuous
family of solutionsparametrizedby the group O-3! of or-
thogonaltransformationsThatis, every anisotropicsolution
f(m,t) of Eqg. -8!, for arbitrary initial data f(m,t5 0)
P 1/4p, generatesan entire O-3! group of solutions,
f(Uem,t), where UP O(3). The isotropic equilibrium f
[ 1/4p is isolated,i.e., a ®xedpoint of the symmetry

We give a proof to illustrate the generalityof potentials
for which it holds.First, rewrite Eq. -8! into the form

]f5D IR &fllfRV D
]_t r &l KT MS

Y 1]
5 Dr-ﬂ!]—m'FJ—mfl ﬁ'f]_mVMSG 9!

Considera generalclassof intermolecularpotentialsV,

V,m,f~e t! .5 E h~m,m8f-m8t!'dm8

im85 1

~0

whereh(m,m8) is a geometricexpressiorfor the excluded
volumethat must-~on physicalgrounds satisfya basicdual-
ity relation,

h~m,UTem85 h~Usm,m8. ~1
This classof potentials,andthe symmetryproperty includes
Maier-Saupeand Onsageipotentialsas specialcases,

hus52 3NkT-mem8?2,

ho5 BNKkTim3 m§, 42
whereN is a strengthparameteassociatedvith a dimension-
less molecularconcentrationand b is a parameterpropor
tional to the volume of the molecule. The symmetry ~11!
stateghatthe excluded-volumeotentialcannotgive the dif-
ferenceif one rotatesm relative to m8 or vice versa.This
propertyappliesto any aspect-ratianolecular uid for which
a distinguishedmoleculeaxis is speci®ed.

For any orthogonaltransformationU, an explicit calcula-
tion showsthat

]—f~U-m,t!5 UT-]—f~n,t!,
In

43
7m 13!
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where
n5 Uem. 4
It thenfollows that
1 1] 1 1]
—f~Uem,t!5 -—f-nt ~15!
Jm Tm Jn In

With fy(m,t)5 f(Uem,t), the intermolecularpotential has
the property

V,m,f ~,t1.5 E h~-m,m8 f~-Uem8t!dm8
im85 1

5 E h~m,UTen8 f-n8t!dn8
in851

5 E h~Uem,n8 f-n8t!dn8

in851
5V,n,f~ t! ~16!
It follows that
1 1] 1 1]
]m ]mV,,m Jfu~,th.5 ]—n']—nV*ﬂ,f“,t
]—f~U-m8t|- / V,Uem,f~,t!
]m ]m ” yly sy Liaas
5 ]—f~n,t!-LV,,n,f-,t!... 7
In In

CombiningEgs.~15!, ~16!, and47!, we have
f . e
—fU~mt5D~alR ful ka uR V,m,f~

Jt
5!y ] F] ka ]] v,,m,fua,t!.G

or equivalently

~18
]]tf~nt 5 D,~a! ]]n F]]nfl ki_l_f]]—nv,,n,fa,t!.G

1 G
—fR ,V,n,f~ tl.)

5 D,-a!R n-Ex ofl

~19

whereR ;5 n3 J/]n. Thus,if f(m,t) satis®eskq. 8!, 0
doesf(m,t).

The setof equilibrium solutionsof Eq. ~8! versusnematic
concentrationN comprisesthe isotropic-to-nematicphase
transition diagram; refer to Refs. @,28,8¢ The two aniso-
tropic solution branches,f! (m), 2 (m), which exist for
suf®cientlylarge N, eachcorrespondto a continuousO-3!
group of equilibria, f1 (Uem), 2 (Uem), for UP O(3).
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This rotationalsymmetryis the fundamentamechanisnthat
Onsagei@4# Landau@5#andde Gennesand Prost@6#use
to deducethatthe|-N transitionhasto be of ®rstorder @6#

We emphasizeéhesesymmetriesgive a priori control of
the “most probabledirections' of orientationof the quies-
centnematicequilibria, f* ~stablé, f2 ~unstablé. The peak
direction of 12 coincideswith the “major director' de-
®nedin termsof the second-momen®-tensorprojectionof
f. That is, if two PDF f,, are related by the symmetry
f1(m)5 f,(Uem), then their second-momentprojections
Qs> automaticallysatisfy Q;5 UTeQ,+ U, which reproduces
the mesoscopicform of the symmetry @0% In numerical
simulationsat nematicconcentrationpastthe I-N transition,
a randominitial distribution f(m,t5 0) will convege nu-
mericallyto oneelementof the O-3! degeneratsolutionf?
from which one can deducethe Euler anglesof the “major
director” But the inverseproblem,whereoneprescribeghe
Euler anglesof the asymptoticequilibrium distribution,i.e.,
whereone prescribeghe speci®elementUP O(3), is only
solvedwith symmetries.

The constructionproceedsas follows. We ®rstborrow a
resultfrom the following section,Eq. 32!, which character
izes “in-plane orientation' at the kinetic equationlevel of
the PDF f, and which preservesthe “in-plane' de®nition
basedon the Q-tensorprojectionof f. This symmetryallows
us to initialize randomin-plane, biaxial initial distributions
fip(m,0); by the group symmetry every suchorbit is guar
anteedto remainin-plane,andthereforeall suchanisotropic
initial dataarein the stablemanifold of anin-planenematic
equilibrium filp(m). ~Prior to “ow, thereare in®nitely many
invariantplanes,but we selectthe x-y planeto be consistent
with subsequentlevelopmentsn planarsheay wherethis is
the unique invariant plane! We ®rst choosebiaxial initial
datafor Fig. 1 whosemajor director aligns with the z axis,
and therefore the distribution convepges to the unique
uniaxial in-plane distribution peakedalong the z axis. We
emphasizehe PDF mustremainpeakedalongthe z axis for
all time, by the symmetry Figure 1 plots the projection of
this orbit onto the orderparameter®f the Q tensor-equiva-
lently M!; thedirectorsarenot shown,sincetheyarepassive
during the evolution. Next we rotatethe initial dataout-of-
plane,fq(m,0)5 f;,(Usm,0) with the speci®achoice

) ) )
3 3 3
us 0 &—2&— 20!
2 2 ;
o’ K A
2% 8 6

The numericalintegrationof this data,by the symmetry has
to agreeatall timeswith the U transformatiorof thein-plane
PDF solution. Therefore,the orbit is guaranteed priori to
convege to the distribution f* (Um). This is con®rmedu-
merically and offers a good benchmarkon the code and
visualizationroutines.Since f,, and f;, have Q tensorpro-

jectionsrelatedby Qq(t)5 UTe Qip(t)= U for all time, we are
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FIG. 1. Orientationalsymmetryof orbitsin the stablemanifold of the nematicequilibriumf* . Fix thestrengthN5 5 of the MaierSaupe
potentialwhich is abovethe I-N transition.Two orbits f, J(m,t) of the Smoluchowskiequationwithout ow ~8! arenumericallycomputed;
theinitial dataf,(m,0) is in-plane de®nedy Eq.-~32 for the x-y plane,whereas ,(m,0)5 f;(Usm,0) is anout-of-planerotation of f, for
U givenin Eq. 20. Theseorbits convege to equilibrium distributions,and orientationalsymmetryimplies f,(m,t)5 f,(Uem,t) for all
time, which we do not enforcebut rathercon®rmby numericalintegration.Eachorbit is projectedonto the second-momertensorM; L(t),
which accordingto orientationalsymmetry must be relatedby a similarity transformationby U, Eq. 20!, M,(t)5 UTeM4(t)*U. Since
eigenvaluesare invariant underorthogonalsimilarity transformationswe canillustrate the symmetryby showingthat the eigenvalueof
eachsecond-momerdreidenticalduring the entireevolution. The eigenvaluesireorderedl> d,> d,> d;> 0. Indeed the curveslie on top
of one anothey and convege to the uniaxial distributionswith d,5 d;. Any other UP O(3) resultsin the samecurve, illustrating O-3!
degeneracyf everyorbit of Eq. ~8!, and likewise the nematicequilibrium f* .

guaranteedy the O-3! symmetryof Eq. 8! thatthe eigen-
vectorsare initially transformedby U and do not vary in
time, whereaghe eigenvaluesorder parametersof eachQ
tensorevolveidentically for all time ~Fig. 1!.

We now recall essentialingredientsof Galerkin expan-
sionsfor the Smoluchowskiequationandthe projectionfor-
mulafor the second-momertensor The sphericalharmonic
expansiorfor f @,4,7,8tis

L |

f~m,t!’ ﬁ g a mt! Y-, f 1, 21
S0omd2 1

where Y[" are complex sphericalharmonic basis functions

@94

Y5 P"~cosute™ 22!
whereP|" are Legendrepolynomials,u, f are sphericalco-
ordinateswith v beingthe polarangleand f beingthe lati-
tude angle,andL is the order of truncationin the Galerkin
approximation.

In the Appendix, we give an explicit form 48 of the
dynamicalsystemfor the amplitudesa, ,(t) which results
from the aboveexpansionfor f in the Smoluchowskiequa-
tion with and without an imposedlinear ow ®eld. These
equationsare not new; this form is usedto prove the ow-
nematickinetic symmetries.

The three amplitudesa, o,a, 1,8, > uniquely specify the
second-momertensorQ,

2 o o
Quxd2 3 ap ol 5Re‘az,2!:

23

2 o Sp
ny52 3 ap 2 5Re~a2,2!,

24
ep
Q452 %lmﬂzyg, 25!
QXX52 %pg Re~a211! y ""26'
¢r
Qyb l%glmﬂm!, 27!

where,Ref) andIm(¢) representhe real andthe imaginary
part, respectively

Theamplitudesa, ,(t) of f areequivalento the moments
of the distributionf; oneway to recovera continuous-with-
out ow! or discrete-with "ow! symmetryfrom the moment
equationsis througha transformationon the spaceof solu-
tions which maps orbits of the dynamical systema, (t)
onto new orbits. All discrete ow symmetriesare described
below in this way.

B. Mirr or symmetry of all out-of-plane responses
to simple shear

In this sectionwe specializethelinearvelocity ®eldin Eq.
~! to simplesheawith arbitrarysheamate g, representech
standardCartesiancoordinates,

v5 &,0,0!. 28
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In Ref. @0# we prove that the preclosureform of the
mesoscopicDoi theory admits a re ection symmetry: any
orbit Q(t) of the mesoscopitheory generategnotherorbit
symmetric about the shearingplane. A constructivealgo-
rithm is given: retain the samevalues of in-plane compo-
nents,Qyx,Qxy,Qyy,Qz2, andreversethe sign of both out-
of-plane componentsQ,,,Qy,. Any out-of-planesolution
will generatea solutionthat is distinct pointwisein time; if
the entireorbit is not symmetricwith respecto the vorticity
axis, thenthe solutionsare distinct. Logrolling and classical
kayaking orbits that rotate around the vorticity axis are
mappedto themselvesand thereforeare unique. This dis-
cretere ection symmetryis compactlyrepresentedn terms
of asimilarity transformatiorof the mesoscopitensorQ(t),
employingthe planarre ection transformationV,,,

VieQ-tlev,, 29
wherethe Cartesianrepresentatiomf re ection throughthe
(x,y) planeis

V55 diag1,12 1!. ~30!

Thesetwo formulationsof sheasinducedmirror symme-
try are now generalizedto the Smoluchowskiequation-1!
with imposedshear ow -28!.

Re ection symmetryin terms of the spherical harmonic
expansionof the orientational distribution functionf. Every
solutionf(m,t) of Eq.~1! hassphericaharmonicamplitudes
a; m(t), which generatenothePDF solutionf™(m,t) with
amplitudes

~2 11Ma ~t! 31

Moreover the orientationaldistributionsf and Y™ are
mirror symmetricwith respectto the shearingplane,gener
alizing the mesoscopicymmetry-29!.

In-plane con®gurationsemainin-plane for all time We
de®nean in-plane subspaceof orientational distribution
functions by the in®nite set of conditionswhich generalize
the Q tensorin-planeconditionsQ,,5 Q5 0,

a 50 for all m odd. 32!
The entire in-plane subspacas invariant underthe ow of
the Smoluchowskiequation-1!.

All in-planeorbits f(m,t) aremappedo themselfby this
symmetry Invariance of this subspacefurther implies in-
plane orientational con®gurationscannot become out-of-
plane, nor can any out-of plane con®gurationdecomein-
plane, in ®nite time. Out-of-plane orbits whose major
directordoesnot align with the vorticity axisnor rotateabout
the vorticity axis mustremaintilted to oneside of the shear
ing plane. Explicit examplesinclude branchesof out-of-
planesteadyandperiodic statesdenti®edn Ref. @# which
they explicitly showto occurin mirror-symmetricpairs.This
symmetryexplainstheir observationsbut alsoimplies every
orbit in the stableand unstablemanifoldsof everysolution,
in-plane or out-of-plane,hasa mirror-symmetricorbit. Fig-
ure 2 illustratesthe re” ection symmetryin simpleshear Fig-

PHYSICAL REVIEW E 66, 031712 ~2002

FIG. 2. Re ection-symmetric,out-of-plane,periodic solutions
of the sheardriven Smoluchowskiequation~1! for in®nite-aspect-
ratio, rodlike macromoleculega5 1), nematic concentrationN
5 5.5,andnormalizedshearrate P&5 6. The primary directorof the
Q-tensorprojection of f(m,t) is shownfor eachattractingmon-
odomainstate,illustrating discretemirror symmetrywith respecto
the shearingplane.The equatorcorrespondso the shearplane;the
centraldot representshe ow direction~x! andthe edgedot repre-
sentsthe ow gradientdirection !. Thesesymmetricattractors,
reportedin Ref. @% may be viewed as either "tilted kayakingor-
bits" or “out-of-planewaggingorbits." The right ®gureshowsthe
attractor The left ®gureshowsthe orbit that convegesto this at-
tractor from a pair of arbitrarily chosenout-of-planeinitial data,
relatedonly by Eq. ~31!. The datais recordedrom every15thtime
step.

ure 2-al illustratestwo mirror-symmetric orbits for a ®xed
shearrateand nematicconcentrationthe equatorin this ®g-
ureis the shearmplaneandthe north poleis the vorticity axis.
The orbit in the northernhemisphereonvegesto a "tilted,
out-of-plane periodic’ attractor shownin Fig. 2-bl. Each
orbit and attractorare mirrored by anothernumericalsolu-
tion generatectitherby re ecting theinitial datathroughthe
shearingplaneandsolvingfor f, or applyingthe symmetryto
the entire northernhemisphererbit. Here,the PDFf is pro-
jectedontothe second-momertensor from which the major
directoris extractedat eachtime step.

Other consequencefor the dynamicsof monodomains
follow. For example,if atumblingor waggingin-planeorbit
is the unique attractor then out-of-plane orbits convege
symmetricallyfrom both sidesof the shearingplane;a simi-
lar phenomenoroccursfor convegenceto steadyin-plane
attractors Likewise, manyin-planesolutionsare unstableto
out-of-planeperturbationstheir unstablemanifoldsare mir-
ror symmetric. We note that the PDF solutions identi®ed
with the logrolling steadystate-whosemajor directoraligns
with the vorticity axid and the classical Larson-Ottinger
kayakingorbit ~whosemajor directorrotatesaroundthe vor-
ticity axid are mappedonto themselvedy this symmetry
thereforesuchmonodomairattractorsareisolatedanddo not
occurin pairs.

Another proof of the mirror-re”ection symmetry-31! is
gainedby ®xingthe coordinaterepresentationf the PDFf in
the Smoluchowskiequation-1!; afterwardswe apply the re-
“ection transformationfor which the equationremainsin-
variant. We write this resultin terms of any ®nite-aspect-
ratio "uid with molecular geometry parametera, a ®xed
shear ow -28!, anda correspondingolutionf of the kinetic
equation-1!. We note that

031712-5



M. GREGOFR FOREST RUHAI ZHOU, AND QI WANG

VeV eVI5V, V,eDeV,5D.
33

V2*VsheaP Vshean
So, the time evolutionof n5 V,*m obeysEg. 2! and

R +,m3 r@fV2~m,t!.5 ]]—m-,,r@fvz~m,t!.5 ]]—n-,,n;f~n,t!...

5R @3 Gf-n,t!# 34
The ow-independentpart follows from our proof of the
orientationaldegeneracyin equilibrium. Thus, we have es-
tablished a transformationbetween solutions of the two
Smoluchowskiequationsde®neddy the triples

“‘a,Vz'VSheaan I, -35!

~~astheanf L 2
C. Orientational equivalencebetweenrodlike and discotic
nematic "uids in simple shear for ®nite and in®nite
aspectratios

We now establisha remarkableequivalencen the shear
responseof nematicliquids with reciprocalaspectratios r
and 1/r. This resultwas previouslyestablishedn Ref. @0#
for tensormodels,which we recall. The Q, tensor-the sub-
scriptlabelsaspectratio r! responsdo simple shearat ®xed
nematicconcentratiorN for rods(r. 1) generatesheorien-
tationalresponset the sameshearateandconcentratiorfor
a discoticliquid of aspectratio 1/r. Indeedthey arerelated
by the explicit transformation

Q215 V§*Q,* Vs , ~36!
where Vg is a pure clockwise 2 ! counterclockwise- !
rotationby p/2 rad.in the shearingplanethat ®xesthe vor-
ticity axis,

10
V.5 1 0 0L/ V,5V]. 37
0 1

0

All mesoscopiorientationalresponsef rodlike and dis-
cotic liquids in simple shearare relatedby this 1:1 corre-
spondenceWe now extendthis resultto kinetic theory Re-
call the molecular geometryparameterin Eq. ~1!, a5 (r?
2 1)/(r?1 1), wherer is the molecularaspectatio. Thus,r
and 1/r correspondo a and2 a, which appeargarametri-
cally in Eq. 4.

Rod-discotic correspondencean simple shear Fix any
shearrate & and nematicconcentratiorN; rodlike ~discotid
liquids are parametrizedby positive -hegativé-aspect-ratio
parameterau(2 wy. Eachsolutionf g (m,t) of the Smolu-
chowskiequation-1! for arbitraryinitial dataf(m,t5 0) has
the sphericalharmonicexpansion21! with a unique set of
amplitudefunctionsaﬁm(t). Transformthe initial dataand
correspondind®DF solutionasfollows:

i5/A1,

af,-0!5 iMa 0!,

al !5 iMay 38!
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From these data, construct the distribution function
f5> adm,t) by the sphericalharmonicexpansion21!. Then,
f, uis @ solutionof Eq. ~1! for "uids with aspect-ratiga-
rameter2 wauandinitial dataf(m,0) de®nedy aﬁm(O).

To provethatthis symmetrymapsall solutionsof Eq. 1!
for aspectratio r to solutionsfor aspectratio 1/r, it is a
routine calculationto verify the following symmetryof the
dynamicalsystemfor the amplitudesa, , givenin the Ap-
pendix.With i5 A2 1,

Fl 5 i™Fl o 1524,.., 2l<m<lI -39

for j5 1,2,3underthe abovetransformation38!. We remark
that the correspondingesult for mesoscopidensormodels
@0t is far easierto discoverand prove, from which this
symmetrywasfound.

If one iteratesthis transformation then individual solu-
tions f(m,t) are mappedto themselvesf they arein-plane,
but to their mirror symmetrythroughthe shearplaneif they
areout-of-plane.

In Fig. 3 we illustrate this symmetryby plotting all solu-
tion branches,stable and unstable,of the Smoluchowski
equation-1! for all aspect-ratigparameteraP @ 1,1 1# a
a particular®xedconcentratiorN and®xedshearatePe.We
graphthe projectionof all solutionsf onto second-moment
Q-tensorcomponentsas notedin the caption.Note that the
abovesymmetryimplies a, o, which is proportionalto the
in-planecomponenQ,,, is an evenfunction of a; Re@, ),
which is proportionalto the in-planequantity Q,,2 Qyy, is
an odd function of a; the out-of-planecomponentRe; 1)
andim(a, 1), which areproportionalto Q,, andQ,,,, respec-
tively, are mappedonto one anotherby the symmetry i.e.,
QxA2 a)5 Q,/a). Thesesymmetriesare evidentin Fig. 3.
Sinceperiodic solutionsare representedby a pointwise sta-
tistic ~maximumvalue of the indicatedcomponeniver one
period, the odd symmetryof Ref@y,) is not evidentfor the
periodic branchesn Fig. 3-b!.

Thereis anotherformulation of the rod-discoticsymme-
try. A one-to-onecorrespondencexistsbetweerthe orienta-
tional distribution functions f for two nematic liquids of
aspect-ratiparametersa and 2 a. This transformationcan
be formulated in the following way. The Smoluchowski
equation1! is uniquelyspeci®edy atriple (a,v,f), where
a is themoleculargeometryparameterv is alinear ow, and
f is the PDF for ®xedN, Pe.Let

n5 Vgem. ~40!

We note the following propertiesof the rotational transfor
mations:

VgeVeVi5V, VgeDeV(52 D. 41!
It thenfollows from Eq. 2! that for simpleshear-28!
5 Ven2 a@-+n2 D:nnn# ~42!

so the Jefery molecularorbit equationfor n is recoveredf
we replacea by 2 a, i.e., the Jefery orbit is invariantunder
thetransformationa,m)! (2 a,n5 Vge+m). Theresultfol-
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FIG. 3. lllustration of the rod-discoticsymmetryof monodomairorientationaldistributionsfor nematicliquids in simpleshearAll stable
and unstablesolution branchesare depictedfor aP @ 1,1# equivalentlyrP @ ~ ,1 *~ # for the Smoluchowskiequation~1! with ®xed
nematicconcentratiorN5 6, andrelatively strongnormalizedshearatePe5 8.5. Foursphericaharmonicamplitudecomponentsreplotted,
which correspondo the projectionof the orientationaldistributionf onto the second-momentensor as seenfrom Eq. 27!: the in-plane
componentsa, o ~proportionalto Q,,) andRe, ;) ~proportionalto Q,,2 Q,,), andthe out-of-planecomponentRefa, ;) ~proportionalto
Qx2) andim(a, ) ~proportionalto Q,,). Thesolid thin line indicatesa stablesteadysolution;the dashedhin line indicatesanunstablesteady
solution branch;the solid thick line indicatesstable periodic solutions;the dashedthick line indicatesunstableperiodic solutions. For
periodicsolutions,the maximumvalue of the indicatedquantityis given, which breaksthe perfectodd symmetryof Re@,,) in thetop right
graph.The ®guresllustrate: a,, is an evenfunction of a; Ref@,,) is an odd function of a; and Ref@,;) for a mapsonto Im(a,,) for 2 a.

lows from Eqgs.~15/+~17!' and -34!. Thus, we establishthe
one-to-oneorrespondenceetweerthe Smoluchowskiequa-
tions, andthereforebetweenall solutions,

~a,Vshean f ! ~2 8,V *Vsnean v, ! ~43!

As illustratedin Fig. 3, all phasetransitions-bifurcations
versusN or Pd, all stableand unstable steadyor transient,
monodomairstatesoccursimultaneouslyor rodsanddiscot-
ics of reciprocalaspectratios. We cautionthat the constitu-
tive stressequaitondoesnot preservethis symmetry since
Miesowicz viscositiesand elasticity constantsvary greatly
betweenrodlike and discotic nematicpolymers@9% There-
fore, this one-to-onecorrespondencis for the orientational,
homogeneousesponsédo imposedshear Therheologicalre-
sponseand subsequenstructureformation do not sharethis
correspondence.

D. One-to-onecorrespondencebetweendiffer ent aspect-ratio
“uids in relatedlinear “ows

We againnotethatthe Smoluchowskiequation-1! de®nes

a “triple": ,a,v,f(m,t)... Consideran arbitrary linear “ow
decomposedhto symmetricand antisymmetricparts,

vb -V 1 Dlex. 44

We observefrom Eq. ~1! thatthe rate-of-straintensorD and
geometryparametera enterlinearly and only throughtheir

product. This fact underliessymmetriesof the system-1!
which we describein termsof the triple de®nedabove,

~a,v,f1Il 1~V 1aD!ex,f.,. ~45!
~-a,v,fll 21~V2aD!ex,f!, ~46!
S12o[kC
~a,v,f!! Y1 —DLXf ~47
ap

The ®rsttwo symmetriesmply anidentical monodomain
responsd of: any ®niteaspect-ratiouid with geometrypa-
rametera in anylinear ow ®eld,and extremelythin rodlike
or discotic uids, respectivelyin a linear superpositionof
the identicallinear ow ®eldperturbedby a pure-strainve-
locity componentThis correspondenckasexperimentalm-
plications for monodomainbehavior as indicatedin Ref.
@0# For example,the monodomainresponseo the linear
“ow of an entire aspect-ratiospectrumof monodisperse
nematicliquids canbe inferredfrom ow experimentn a
single large-aspect-ratimematic liquid by controlling the
amplitudeof the strainingcomponentwvhile holding the vor-
ticity component®xed. Alternatively, a ®nite-aspect-ratio,
monodispers@ematicliquid in simple shearcan be usedto
mimic moregeneralinear ows of extremelythin rodlike or
discotic "uids. The last symmetry showsthat the orienta-
tional distributions of any two distinct aspect-ratioliquids
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can be placedin one-to-onecorrespondencby varying the
straincomponentf the velocity while holding the vorticity
component®xed.

This symmetryprovidesphysicalintuition asto why mo-
lecular aspect-ratiovariations could lead to signi®cantex-
perimentakchangeselativeto thin rodlike "uids. In Ref. @0#
we ®nddramaticchangesn "ow phasediagramswhenthe
molecularaspectratio is reducedto the rangeof 5:1 to 3:1.
Steady-unsteadyansitions hewtypesof monodomainsand
evena period-doublingransitionto chaoticmonodomairdy-
namics, result solely from aspect-ratiovariations. Corre-
spondingsensitivity of kinetic 'ow phasediagramsto mo-
lecular aspect ratio will be discussed elsewhere. We
emphasizeahat thesepropertiesarerestrictedto linear ows
andhomogeneousrientationaldistributions,anddo not im-
ply suchdirectrelationshipsfor rheologicalbehavior

V. CONCLUSION

Severalymmetrief the extendedoi kinetic theoryfor
®nite-andin®nite-aspect-ratialids in shearandrelatedlin-
ear ows are now establishedextendingresultsfrom Ref.
@0# for mesoscopic,moment-average@dpproximationsof
the kinetic theory Thesesymmetrieshavebeenpresentedn
abstractaswell asin constructiveform. A continuousO-3!
family of orientationalprobability distributionsf for quies-
cent nematicliquids is characterizedor every anisotropic
initial orientationaldistribution. In simple sheay the PDF f
for out-of-planeinitial data generatesan explicit mirror-
symmetricsolution f¥™ with respectto the shearingplane.
This symmetryexplainspreviouslyreportedbistable,out-of-
plane,steadyandperiodicsolutions@# andfurtherimpliesa
mirror symmetryof all stableand unstablemanifoldsof in-
plane and out-of-plane solution branches Finally, orienta-
tional responsesre shownto be in one-to-onecorrespon-
dencefor rodlike and discotic nematic liquids in simple
shear and a similar correspondencés provided between
®nite-andin®nite-aspect-ratinematicliquidsin linear ows
relatedby a strainingperturbationAll symmetriesareillus-
trated with exact solutions or bifurcation diagrams,using
codesdevelopedn the sequelto this paper@8# whereap-
plicationsof thesesymmetriesare pursued.
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APPENDIX

The dynamicalsystemfor the amplitudes$a, ,(t)%n the
sphericalharmonicexpansionof f, Eq. 21!, resultsfrom a
routine Galerkin procedure<f., Refs. @,4,6¢! appliedto the
Smoluchowskiequation~1! and Jefery orbit dynamics-2!.
This systemof ODEscanbe representedh the form

d
g @m!5 Fiml Fml Foo

PHYSICAL REVIEW E 66, 031712 ~2002
where
Fin52 D--malld1 1la ,,

4p

FPm5 £ N-2 11"D;~m,al

2 112
3 g (‘ anm2 paZ,pQ"Iuman,p!,
p52 2 n5M2 2

12
i 1 p H
FPm5 IZAEQ 11™m n5(<22 an mds~,m,n!

112
1la ( a, m1 2024, m,n!
nsN22

112

1a(
nbN2 2

All numbersg appearingabovearereal constantsarisingin
sphericalharmonicexpansions,

anm2 203 ,m,n!\]

g~4.,m,n,p!52 3@ miC2psn,M2 p;j,pl 1;1,2 M2 1&
1 ¢ mCopn,m2 p;2,p2 11,2 ml 14
1 mpn,m2 p;j,p;l,2 m&
g4, mn!5 ¢ noU,2 ml 1;n,m;2,2 18 ¢ i, 2 m
21;n,m;2,1&8 Zm@AEU,Z m;n,m;0,0&
2 Agu,z m; m,k;2,08],
gx~,mn!5 ¢ yt,2 m2 1;n,ml 2;22 1&
12mu,2 m;n,ml 2;22 2&
0s~,m,n!52 ¢ noU,2 ml 1;n,m2 2;2,1&
12md,2 m;n,m2 2;2,2&

where

Cim15 A2 mi41ml 11,

Clmz5 A1 mi42 ml 11,

thesymbolwn,k;j,p;l,m&denotegheintegralof the product
of threesphericalharmonics,

E YRYPY"dm

imi51

-e.g.,Ref. @3#. By the parity propertyof the sphericalhar
monics,any a, ,, with odd | is zero, and we only needto
retain coef®cientsy, ,, with non-negativem. In simulations
that generate®guresn the body, we assumeconstantD, to
make contactwith Refs. @,8% all symmetrypropertiesare
valid for variableor constantrotary diffusivity.
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Re ection symmetry in simple shear

The dynamicalsystem-~48! providesan alternativeform
of the discretere ection symmetryof f in simple shear To
provethattheseODEsareinvariantunderthe transformation

am 2, 1524, .Lhx M odd,

am am 1524, Lhax m even,

we split the variables$a, ,%s into two groups,one having
odd secondindex m, anotherevensecondndex m. The ®rst
group of variablesforms a vectora;, andthe secondgroup
of variablesforms a vectora,. Then,the dynamicalsystem
~48 for the sphericalharmonic amplitudescan be repre-
sentedin the form

da;
WS F1~a1 ,a2! ,

da,

ES F,~a;,a,!.
The mirror symmetryfollows if we canshowthatF; is an
oddfunctionof a; andF, is anevenfunctionof a, . SinceF;
containsthosefunctions F{ ,, with m odd and F, contains

PHYSICAL REVIEW E 66, 031712 ~2002

thosefunctionsF{’m with m even,we only needto checkthat

F{"m is an odd function of a, for odd m and F{"m is aneven
functionof a; for evenm. This is obviouslytrue for the term
Fﬂ’m, becausef thefactthatD,(m,a) is an evenfunction of
any variable a, ,,. For the secondterm, Fﬁm containsthe
productof the form

a-n,m2 pa2,p .

For odd m, oneandonly oneof m2 p andp is odd. There-
fore the productis an odd function of the ®rstgroupof vari-
ablesa; . For evenintegerm, the integersm2 p andp must
be bothevenor both odd. Sothe productis an evenfunction
of the ®rstgroup of variablesa;. The third term Fﬁm only
contains linear terms. If m is odd, then all of
an m,anm1 2.8nme 2 have odd secondindex, so Fﬁm is an
odd function of the ®rstgroup of variablesa; . On the other
hand,if mis eventhenall of a, &y m1 2,85 m2 2 haveeven
secondndex, so Fﬁm doesnot haveanytermrelatingto the
®rstgroup of variablesa;. Therefore,this third termis an
evenfunction of a;. Theseargumentsestablishthe symme-
try of solutionsaboutthe in-plane subspacdormed by the
®rstgroupof variablesa; , with the secondgroupvanishing.
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