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Abstract

The e�ects of weak compressibility in the evolution of a 
uid governed by the

anelastic 
uid equations are explored computationally. The basis for this study is a

careful determination of the role which the anelasticdivergenceconstraint plays in the

evolution of a periodic array of interacting vortices. Our numerical studies addressa

blocking phenomenonoccurring in strongly strati�ed 
o ws with small Prandtl Num-
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bers. Computationally, we �rst document this blocking event which strongly limits

vertical mixing. This is achieved using idealized equations of 
uid motion which do

not excite a density perturbation and exhibits that the presenceof a strong density

transition layer, consistently modeled in the anelastic mass balance, may lead to a

dramatic modi�cation of vortex interactions when compared with the incompressible

analog. These modi�cations are evidencedby the formation of a weakly compress-

ible mixing barrier. We subsequently isolate this particular blocking phenomenaas

emerging in the limit of small Prandtl number through a sequenceof computational

simulations of the complete anelastic 
uid equations which retain a density perturba-

tion. It is shown that a sequential reduction of the Prandtl number yields much weaker

vertical mixing as evidencedby passive tracer statistics.

I In tro duction

The atmosphereis a compressible
uid admitting strong, vertical density variations over

scaleson the order of the atmosphericscaleheight (approximately 8KM in our atmosphere).

Necessarily, this strong density variation, given by somemean state, � (z), must be consis-

tently modeled [1]: for quanti�ed accuracyin the simulation of deepatmospheres,one may

utilize a generalizationof the Boussinesqapproximation known as the anelastic 
uid equa-

tions [2; 3; 4; 5]. Theseequationssuppresssoundwavesbut retain a non-solenoidalmasscon-

straint, r � (� (z)v) = 0, and thereby o�er a compromisebetweenthe integration of the fully

compressibleequations(which require an extremelysmall timestep), and the incompressible

Boussinesqequations(which are invalid over large vertical scales,and involve the global in-

2



versionof elliptic operatorsto reconstruct the pressure).There is an acceptedwisdomin the


uid dynamics community that the primary phenomenologicaldetails are captured within

the Boussinesqlimit of the anelasticequations,and the main purposeof retaining e�ects of

density variation beyond the standard Boussinesqapproximation is purely for obtaining a

more quantitativ ely accurateapproximation. Below, we will present a model study probing

the extent to which phenomena may be the direct result of a variable density massbalance

such as that retained in the anelastic,as opposedto Boussinesqapproximation.

Certainly, an interesting classof problemswhich has not received great attention in the

literature arisesin an attempt to understandhow such a nontrivial anelasticmassconstraint

may lead to modi�ed dynamicsand mixing properties relative to the analogousincompress-

ible system. Computational studies [3; 6; 7; 8] have successfullydemonstratedthat anelastic

e�ects are important in obtaining quantitatively correct simulations for typical large scale

atmosphericdensity pro�les, but have not elucidatedpreciselyhow variation in the density

pro�le may alter the predictions.

In the context of scalar mixing, McLaughlin and Forest [9] have demonstrated using

methodsof homogenizedaveragingthat idealized(small scale,weakly compressible)anelastic


o ws involving a structured background density �eld yield quite di�erent e�ective mixing

properties than their incompressiblecounterpart. Speci�cally, the presenceof a density

transition layer, such asthat found in many boundary layers,may leadto anisotropice�ective

di�usion arising in the form of local regions of trapped and focused contaminants near

the transition height. Motivated by this work, our purpose in this article is to explore,

through a careful computational study of an idealizedset of anelastic 
uid equations,new
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phenomenaassociated with structure modeled in the mean state density pro�le. To make

such a determination, we will �rst idealize to a model which focusesupon dynamic e�ects

directly attributable to the variable density massbalance.

To extract the precisedynamic e�ects originating from the meanstate, we present a set

of weakly compressible
uid equationswhich retain a �xed, variable coe�cien t, prescribed

mean state density pro�le, and a consistent, non-trivial massbalance,while neglectingall

e�ects of buoyancy. Wepresent formal arguments to show that theseidealizedequationsyield

limiting dynamicsfor strongly strati�ed situations in which inertial e�ects dominate e�ects

of buoyancy. Examples of such scenariosmay include low Prandtl number 
uids, 
o w in

microgravit y, or high Froudenumber 
o w: any driven 
o w in which the density perturbation

relaxesimmediately to a non-trivial meanstate density �eld which is maintained by external

sourcing. The equations we study model an inertially dominated system in the presence

of strong maintained density variation and consequently, our study delineatesphenomena

associated with gravit y waves and buoyancy instabilit y from behavior arising through the

anelasticmassbalance.The systemis alsointeresting asa variable-coe�cien t generalization

of incompressibleNavier-Stokes,with physically motivated coe�cien ts.

Through computational simulation of theseidealizedequations,we exhibit an intriguing

compressible mixing barrier . This is establishedby a direct comparisonbetween the

dynamics of a purely incompressible,constant density 
uid 
o w with that of the anelastic

equations for a velocity �eld initialized as a periodic array of vortices. In the absenceof

strong density transition such as associated with structureless(exponential or linear) mean

state pro�les, there is little phenomenologicaldi�erence betweenthe vortex dynamicsof the
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anelasticand incompressiblemodels. However, the presenceof density transition asmodeled

in the meanstate density pro�le is seento greatly changethe dynamic interaction of these

vorticesascomparedwith the incompressiblesystem,and leadsto a mixing barrier which ef-

fectively separatesthe 
uid systeminto two distinct regimes.This behavior is distinguished

from the moretypical blocking behavior occurring in low Froudenumber 
o w in that gravit y

plays no role in the dynamicsstudiedhere. To document the validit y of the formal arguments

we useto justify the simpli�ed model anelasticsystem,we reintroduce gravit y and explore

how the in
uence of a density perturbation modi�es the dynamics. To this end, we simu-

late this completeanelastic system for four di�erent Prandtl numbers (Pr = 10; 1; :1; :01)

and exhibit how this particular blocking event arisesin the low Prandtl number limit. We

remark that this phenomenonis similar in spirit with existing compressiblepassive scalar

studies [9; 10] designedto assessthe role of a structured density pro�le in modifying vertical

transport; however, the present caseinvolves fully nonlinear, dynamic simulations.

I I Anelastic Equations

An important development in the study of atmospheric
uid 
o w wasthe recognitionthat

for deepconvection, e�ects of 
uid compressibility shouldhavesomequantitativ e a�ect upon

the dynamics;however, soundpropagation could be neglectedthrough the considerationof

anelastic, \sound-proof" 
uid equations [2; 5]. There have beennumerousstudiesproposing

di�ering modelingapproachesasto the preciseform of the equations[1; 3; 4; 5; 6; 11; 12] , however

the essential distinction from the more familiar Boussinesqequationscommonto all of these
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studies is the retention of somemean state variable density pro�le, � (z), varying in the

vertical, and the associatedconsistentmassbalancer �(� (z)u) = 0. If the meanstate density

is taken to be exactly a constant, the equationsreduceto the standard Boussinesqequations

for thermal convection in a thin layer. Of course,the meanstate density in the atmosphere

admits strongvariation, especially over largevertical scales,and consequently the Boussinesq

equationsdo not o�er a valid model to assessatmospheric phenomena. Nonetheless,the

methodology employed to justify these weakly compressibleanelastic models is low Mach

number theory, which generallynecessitatesthe considerationof a non-trivial 
uid divergence

constraint [11; 13].

The mean state pro�le most typically consideredis that designedto account for the

gravitational compressionof an ideal gasunder its own weight. Thesepro�les are commonly

structurelessexponentials, or power laws (depending upon the precisethermodynamic as-

sumptions), which vary slowly in the vertical. A scalefor thesepro�les may be de�ned as

the height over which the associated hydrostatic pressuredistribution drops from its surface

value by a factor of e (typically around 8KM for the Earth's atmosphere)[14]. However, it

shouldbe observed that thesepro�les arisein the most elementary situations, and do not in

any way attempt to account for the multitudes of other possibleforceswhich may give rise

to vertical atmosphericdensity variation (such as mechanismsproducing stable boundary

layers in the lower atmosphere,as well as the radiative mechanisms responsible with the

changeof stabilit y occurring around the tropopause).

To begin to assesspotential phenomenaassociated with a structured meanstate density

pro�le, we considerthe following system of weakly compressible
uid equationsgoverning
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the velocity �eld, u:

u t + (u � r )u = �
1

� (z)
r P +

�
� (z)

� u +
� + �
� (z)

r (r � u) (1)

r � (� (z)u) = 0: (2)

Here, u is the 
uid velocity vector, �; � denote the respective �rst and secondcoe�cien ts

of viscosity, and � (z) denotesthe prescribed, �xed density pro�le. Theseequationsclearly

represent a modi�ed Navier-Stokessystemwith a prescribed variable coe�cien t.

A few remarks are in order regarding the model system (1)-(2). First, we do not de-

scribe the mechanismswhich give rise to the �xed density pro�le, but instead focus upon

phenomenologicalbehavior arising from the incorporation of structure into this meanstate.

Second,wedo not at present allow for a density perturbation (seebelow for direct comparison

to dynamicswhich do). Of course,the density perturbation comprisesan essential ingredient

for the evolution of the atmosphericsystem;however, our purposehereis to isolatephenom-

ena originating solely through structure incorporated into the mean state density �eld as

opposedto that associated with buoyancy stabilit y and instabilit y. Theseequationsyield

an analogoussystem to that of the ideal, incompressible,constant-density, Navier-Stokes

equations,only for 
o w moving in the presenceof a prescribed density pro�le. As such, this

system may be viewed as governing the transient behavior associated with a stirred, low

Prandtl (or high Froude) number 
uid with maintained mean-state,vertical density struc-

ture (or essentially the same:
uid motion at low gravit y). This weakly compressiblesystem

idealizes
uid motion where the density of 
uid parcelsis assumedto immediately relax to

the prescribed meanstate pro�le. We will document below that (1)-(2) indeedcapture phe-

nomenato be distinguishedand attributable to the anelasticmassbalanceby a) presenting
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a formal scaleanalysisidentifying the emergenceof this systemin the limit of small Prandtl

number, and b) documenting that the blocking phenomenadocumented below desistsfor

increasingPrandlt number through direct numerical comparisonbetweena completeset of

anelasticequationsinvolving an evolving density perturbation. Thirdly , we emphasizethat

the phenomenaobserved in the simulations presented below do not depend strongly upon

the preciseform of the viscousstresstensor. The numericalmethod weemploy requiressome

viscosity to be stable,and assuch, we utilize the consistent stresstensorassociated with the

compressible
o w in equations(1)-(2).

To addressphenomenaassociated with a structured meandensity �eld, we will consider

� (z) to be a given function of altitude that represents various forms of atmosphericstrati�-

cation, the �rst corresponding to a structurelessmeanstate, the secondcorresponding to a

density transition layer. We consider3 caseshere:

� Case1:

� (z) � constant ; (3)

� Case2:

� � 1(z) = e� z; (4)

with � a constant parameter.

� Case3:

� � 1(z) = 1 + � tanh[� (z � zL =2)]; (5)

where � , � , zL are constants, ZL is the width of the channel, � sets the amplitude of

the density changeacrossthe layer, and � setsthe layer thickness.

8



Figure 1 documents two di�erent density pro�les for caseswith � = :02 in the expo-

nential case,and � = :1, � = 4 for the transition layer.

We note that such density transitions are common occurrencesin many atmospheric

boundary layers and in thermoclines in lakesand oceans.We view such hyperbolic tangent

density pro�les as simpli�ed cartoons representing such scenarios.

For the computational simulations we adopt channel 
o w boundary conditions. That

is, we considertwo-dimensionalmotions vertically limited by two parallel �xed boundaries

separatedby the distanceZL (seeFigure 2). We assumeno-slip boundary conditions on the

vertical channel walls, and apply periodic boundary conditions in the horizontal direction,

over a horizontal width, M .

The initial conditions we study are selectedto producenon-trivial vortex dynamics. The

velocity �eld is initialized asa standard cellular 
o w (which is an exact solution of the two-

dimensional inviscid, incompressibleEuler equations) plus a shear 
o w designedto insure

the no-slip conditions at the top and bottom walls. We additionally normalize this initial

�eld by the mean-statedensity pro�le to correctly respect the non-trivial 
o w divergence

constraint (2): 8
>>>>>><

>>>>>>:

u0(x; y) =
cos(2� x) sin(2� y)

� (z)

v0(x; y) =
sin(2� x) [1 � cos(2� y)]

� (z)

(6)

By adjusting the channelwidth, M , and height, ZL , the scaleof this initial array of vortices

will be changed relative to the box size and to the scaleof the background density pro-

�le. We further comment that while such no-slip boundary conditions may not be common
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for atmospheric systems(especially the top no-slip condition), we utilize these boundary

conditions simply to initiate interesting vortex dynamics. The bulk of the subsequent evolu-

tion which will yield the compressiblemixing barrier occursin the interior far from the walls.

I I I Nondimensional Scalings, and the Low Prandtl
Num ber Reduction

We will begin by consideringthe completeanelastic
uid equations,with idealizedther-

modynamics, and assessthe scaleswhich give rise to the simpli�ed zero gravit y equations

outlined in the previoussection. We will not pursuethe more generalproblem of beginning

with the fully compressibleNavier Stokes equation, and the associated low Mach number

theory necessaryto obtain thesestarting equationswhich area generalizationof the familiar

Boussinesqequations;such calculationsare outlined in work of Almgren [11]. To this end, we

considerthe following set of coupled nonlinear partial di�erential equationsfor unknowns,

(u; P; � 0), the respective 
uid 
o w vector, pressure,and density perturbation:

@u
@t

+ (u � r )u = �
1

� (z)
r P +

�
� (z)

� u �
� 0g
� (z)

ẑ (7)

r � (� (z)u) = 0 (8)

@� 0

@t
+ (u � r )� 0 = � � � 0 �

d� (z)
dz

u � ẑ + Qc: (9)

Here, we have suppressede�ects of secondviscosity coe�cien ts for brevity in exposition.

The full density �eld is � (z) + � 0, and g denotes the gravitational acceleration. Lastly,
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we have placed all e�ects of condensationalheating into the representativ e term, Qc. We

will not focus upon important e�ects of condensationalheating and other phasechange

phenomenain the present article, but merely include this term to document that under a

suitable, well-de�ned scaling, (idealized) such e�ects may be neglected.We note that these

equationsare a generalizationof the Boussinesqequationswhich allow for motion against

a �xed, but variable coe�cien t background. In someforms of the anelasticequations,this

background is allowed to itself vary dynamically, and can be made to satisfy reasonable

thermodynamic equationsof state [11]. This is the most consistent and thermodynamically

reasonableapproach to such systems,however, for simplicity in the present discussion,we

assumethat this background density variabilit y is a steady, �xed function of the vertical

coordinate.

There are a variety of di�erent non-dimensionalizationswhich may be employed, and we

chooseonewith length and time scalesgiven by the viscosity and gravit y. To this end,de�ne

length and timescalesthrough:

� =
�
� 0

(10)

L =

 
� 2

g

! 1
3

(11)

T =

 
�
g2

! 1
3

(12)

V =
L
T

= (g� )
1
3 : (13)

Here, � 0 is a reference(constant) density, and so � denotesthe usual kinematic viscosity

of the 
uid. Taking the Prandtl number to be the ratio of the kinematic viscosity and
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(thermal) di�usivit y, Pr = �
� , the generalanelasticequationspresented abovemay bereadily

nondimensionalizedyielding:

�� (z) = � (Lz) (14)

@u
@t

+ (u � r )u = �
1

�� (z)
r P +

1
�� (z)

� u �
� 0

�� (z)
ẑ (15)

r � ( �� (z)u) = 0 (16)

@� 0

@t
+ (u � r )� 0 =

1
Pr

� � 0 �
d�� (z)

dz
u � ẑ +

1
� 0

 
�
g2

! 1
3

Qc: (17)

We note that with this non-dimensionalization,allowing for a general, variable coe�cien t

background density function, �� (z), the usual Rayleigh number is not immediately observed,

as in the familiar casewith a linear background density pro�le.

The idealized,simpli�ed form (1)-(2) of the anelasticequationsis now readily obtained

in the limit of small Prandtl number, provided the condensationalheating e�ects satisfy:

1
� 0

 
�
g2

! 1
3

Qc � 1:

Without doubt, in situations such as dry convection this last inequality may be satis�ed,

however, for situations involving moist convection, the underlying physicsmust beaccounted

for.

In the following sections,we will document a blocking event originating directly from the

anelasticmassbalanceand directly captured by the simpli�ed evolution equations(1)-(2).

We accomplishthis through a detailed comparisonbetween(1)-(2), the incompressible
uid

equations,and the completeanelastic system, through a sequenceof simulations in which

the Prandtl number is varied.
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IV The Numerical Schemes

Our simulations utilize a modi�cation of the projection method introduced by Chorin

[15]. We remark that it is convenient to change
uid 
o w variables to arrive at a modi�ed

incompressible
o w systemwhich may be readily simulated utilizing Hodge decomposition

[17]. To this end, introduce

h =
1
�

; u = h v; (18)

wherev = (v1; v2)t . Then the equations(1) and (2) become

v t + h(z) v � r v + h
0
(z)

0

B
B
B
@

v1 v2

v2
2

1

C
C
C
A

= �r P + � �( h(z)v)

+ (� + � )

0

B
B
B
B
B
B
@

h
0
(z)

@v2

@x

h
0
(z)

@v2

@z
+ h

00
(z) v2

1

C
C
C
C
C
C
A

(19)

r � v = 0: (20)

Let ! = r � v be the vorticit y. To gain someintuition about this system,supposewe

ignore the viscosity term. Taking the curl of (19) and with the help of (20), one �nds

@!
@t

+ h (v � r ) ! = v2 (h
00

v1 � 2h
0
! ): (21)

In the limiting caseof constant background density, this systemreducesto the familiar two

dimensionalvorticit y transport equation. However, non-constant backgrounddensity pro�les

clearly involve a modi�ed vorticit y equation. Below, we will computationally examinethe

ensuingdi�erences in evolution.
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We usethe projection method [15], together with FFT, to solve equations(19) and (20)

where � + � = 0. The outline of our numerical methods to solve the weakly compressible

equations(19) and (20) in a semi-periodic region is as follows:

� Find U� which satis�es

U� � Un

� t
= �r pn� 1

2 � h(z) [(U � r )U]n +
�

h(z)
� h(z)(Un + U� )

2
: (22)

� Project U� to obtain Un+1 :

Un+1 = P(U� ): (23)

More specially, solve

� � = DU� ; (24)

and then set

Un+1 = U� � G�; (25)

whereD and G are discretedivergenceand gradient operators.

� Update the pressuregradient accordingto

r pn+ 1
2 = r pn� 1

2 +
1

� t
(I � P)U� : (26)

In the spatial direction, a �nite di�erence method is used. To solve the elliptic equation

(24) numerically, we useFFT with the periodic boundary conditions for � in the horizon-

tal direction and the Neumann boundary condition at the walls. In the time direction,

a predictor-corrector method (Heun's method) is employed on U and r p. We note that

the convergenceof this algorithm depends strongly upon the incorporation of an explicit,

14



non-zeroviscosity. We utilize a small, non-zeroviscosity in the simulations described be-

low (precisevaluesdocumented in the following section), and emphasizethat the observed

behavior is not directly a result of this viscosity.

To solve the system(7)-(9) numerically, we takeadvantageof (18) and convert the system

into the following form:

v t + h(z) v � r v + h
0
(z)

2

6
6
6
4

v1 v2

v2
2

3

7
7
7
5

= �r P + � �( h(z)v) � �
0
g

2

6
6
6
6
6
4

0

1

3

7
7
7
7
7
5

; (27)

r � v = 0; (28)

�
0

t + (h v � r )�
0
= � � �

0
� h v � r �� (z) � �

0
r � h v ; (29)

where the �rst two equations are solved in the same fashion by the projection method

outlined above, and the third equation is solved using central di�erence discretization in

spatial dimensionsand Heun's predictor-corrector method for time integration.

To gain a statistical view of our numerical simulations, we eject passive tracer particles

at a certain time and let the particlesmove accordingto the local 
uid velocity. Numerically,

to track the passive tracer particles, �rst we use interpolation to �nd the velocity �eld at

the tracer location. Then we usea predictor-correctormethod to integrate the velocity �eld

to �nd the tracer location at the next time step.

In all computations below, the grid sizeis 128� 512. We have re�ned the meshsizeto

test the convergenceof our numerical results.
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V Simulations, and the Compressible Mixing
Barrier: Zero Prandtl Num ber Equations

We document phenomenadirectly attributable to the anelasticmassconstraint, in this

section for the zero-gravit y anelastic system (1)-(2), then in Section 6 for the complete

anelasticsystemin the limit of small Prandtl number (or equivalently, largeFroudenumber).

Speci�cally, we now explorephenomenaassociated with structure in the mean state den-

sity pro�le . We compare the evolution of the three systems: case1: the incompressible

system(equations (1)-(2) with constant background density, � (z) = 1); then the anelastic

system with two di�erent background density pro�les, case2: a structurelessexponential

(4), and case3: a transition layer (5). (Movies of the numerical simulations are available at

our website [24].)

Figures 3-5 consist of Columns 1, 2, 3 corresponding to the dynamic evolution of the

vorticit y �eld for Cases1, 2, 3 just discussed:the left column for the incompressiblesystem,

the middle column for an exponential background density (4) with scalefactor � = :02, and

the right column for a transition layer density pro�le (5) with parameters� = 4, � = :1.

SeeFigure 1 for the relative comparisonof thesetwo density pro�les. Each output time for

the three casesis approximately the same. In all simulations, the dynamic viscosity is set

to 0:001,and the secondviscosity is set to 0. We remark that we explorednon-zerosecond

viscosities(for valuesup to 0:001) and did not observe signi�cant di�erences in the output.

Unlessotherwisenoted, our channel dimensionsare: ZL = 5, M = 1.
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We �rst discussthe incompressiblecase, Column 1. The initial conditions selecteddo

not represent an exact steady solution of the inviscid incompressibleEuler equations,but

rather are designedto produce interesting vortex interactions. The initial vorticit y �eld is

comprisedof columnsof vortices. Each column contains same-signedvortices, with the sign

alternating periodically between columns. For the computational domain studied in this

problem, 5 vortices are initialized in each column. Due to no-slip conditions at the walls

(initially satis�ed (seeEq. (6)) through the incorporation of the additional shear in the

initial velocity �eld), like-signedvortices near the wall pair up, and propagatetowards the

interior. Viscosity acts to combine thesevortex pairs into essentially singlevortices. When

thesevortex blobs reach the interior, the blob above interacts with the blob below (and the

central vortex appearsto be absorbed in the process),producing a new, same-signedvortex

pair. This vortex pair spins, and exchanges
uid from the lower half of the computational

domainto the upper (and viceversa). It is preciselythis 
uid exchangeand transport process

that we explore in the ensuinganelastic simulations. We further document exchangeand

transport acrossthe vertical domain through the tracking of passive tracers.

We comment that similar processesoccur in each of the columns,and that this 
o w does

not produce dynamic interaction betweencolumns. It is an interesting question of incom-

pressiblevortex dynamics to explain the precisedetails of this evolution. Of course,linear

stabilit y analysis may be performed upon double arrays of point vortices. The essential

mechanismsmay be roughly ascertainedfrom the comparative analysisof a singlearray, one

with repeated same-signed,same-strengthvortices, and one with alternating-signed,same-

strength vortices. Clearly, these con�gurations are unstable, and it is the most unstable
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perturbations which suggestthe initial behavior. For a same-signedarray, this linear analy-

sissuggeststhat neighboring vorticesshouldpair up (as in the simulation just documented);

seeSa�man [16]. For the alternating array, analysis(seethe appendix) and intuition suggests

that every other vortex shouldpair. The linearizedgrowth rates associated with thesenext-

nearest-neighbor pairings for the alternatingly-signedarray aresmallerby a factor of 4 below

the nearest-neighbor couplingsgiving maximal growth for the same-signedarray. A reason-

able plausibility argument to explain the vortex dynamics observed in thesesimulations is

to conjecture that the \p erturbations" associated with our simulations are more likely to

seedthe nearestneighbor couplings,and hencethe vertical, asopposedto horizontal, vortex

motion observed in the simulation. Of coursethe calculation in the appendix involves an

in�nite array, whereasthe simulation involvesan array of �nite length.

We next discussColumn 2, the weakly compressiblesimulation involving a structureless,

exponential density pro�le . Firstly, we observe overall qualitativ e similarity with the in-

compressiblesimulation, Column 1. Same-signedvortices in the respective upper and lower

domains initially pair, and subsequently merge. The processcontinues propagating to the

interior, until the upper vortex pair meetsthe lower forming a single large eddy which ex-

changes
uid from the upper and lower domains. The one distinguishing feature from the

incompressiblesimulation is the downward shift in the strati�e d merger process.

Column 3 documents the weakly compressiblesimulation involving a structured back-

ground density transition layer. Strong qualitativ e di�erences between the previous two

casesare immediately evidencedthrough the clear formation of a vortex mixing barrier.

The pairing processcommencesat early stagesof the simulation. However, by time t = 5:1,
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a strong di�erence is encountered. As the vorticesbegin to enter the regionof strong density

transition, the subsequent vortex merger which occurs in columns 1 and 2 ceases. The

vortex motion is e�ectively blocked, and no noticeableexchangeof vorticit y occurs on the

timescaleof thesesimulations. On longer timescales,our simulations document that ulti-

mately the vortices will leak through this barrier (seeFigure 9 and the discussionbelow).

However, this timescaleis di�cult to describe thus far in terms of a scalinglaw.

To demonstratethat this simulation actually presents an e�ective barrier to mixing, we

considerthe evolution of passive markers. First, in Figure 6 we document the velocity �elds

arising in Figure 4 at time t = 4:1. The upper �eld correspondsto the purely incompressible

simulations, whereasthe lower �eld is that arising from the anelasticsimulation with a back-

ground transition density �eld. Observe the striking qualitativ e di�erence: in the weakly

compressiblesimulation, at this output time, little 
uid 
o ws acrossthe altitude of strong

density transition. To verify that this observation is not anomalousin time, we explore

tracer tra jectories. At time t = 2:1, we release20; 000 non-buoyant, passive particles uni-

formly distributed over region[0:3; 0:7]� [2:5; 3:5] (just above the density transition) into the

incompressible
o w of column 1, and the anelastictransition layer 
o w of column 3. These

particles are tracked, and we construct histogramsfor vertical particle distribution. Figure

7 presents thesehistogramsfor short time, and longer time. The left column presents the

vertical particle distributions for the incompressiblesimulation, while the right column gives

the analogousdistribution for the anelasticsimulation. Observe: at short times the distri-

butions are similar, however at longer times, the e�ect of the anelasticblocking is strongly

evidencedthrough the higher probability for �nding particles above the density transition
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in the anelastic simulation. Clearly, the e�ect of strong density variation is producing an

e�ective mixing barrier to transport in the anelasticsimulation.

We lastly document how the sharpnessof the transition layer lengthensthe timescalefor

blocking in anelastic
uid 
o w. Figures8-9document the evolution for two di�erent anelastic

simulations for moderate and sharp density transition layers. The top row corresponds to a

moderate density transition layer with � = 1; � = :1, while the bottom row correspondsto a

sharper transition (of sameoverall density di�erence) with � = 8; � = :1. Observe that for

times up to t=4, the qualitativ e vortex dynamicsare similar: blocking is prevalent on these

timescales.However, at longertimes (shown in Figure 9), vorticit y beginsto leak through the

barrier for the caseinvolving a moderate transition layer, whereasthe barrier continues to

block vortex exchangefor the sharper density transition. This suggestsa possibletimescale

for blocking which is dependent upon the sharpnessof the density transition layer.

In closing,we further comment that lengthscale(for vortices, channel domain) hasbeen

studied and do not greatly alter the above results (seewebsite [24]).

VI Finite Prandtl num ber simulations

Here,we present numerical simulations of the equationsin (14) for a sequenceof Prandtl

numbers to document that the blocking event outlined in the previous section arises in

the limit of small Prandtl number, thereby justifying the use of the zero-Prandtl number

equationsgiven in (1)-(2).
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We beginwith the behavior for the identical initial conditions,and geometriesutilized in

the previoussection,only we have augmented that systemto include a density perturbation.

We utilize in all simulations g = 10, � = :001. We begin by exploring the di�erent behavior

which occursover a rangeof Prandtl numbers, with Pr = 10, 1, :1, :01, using di�usivities,

� = :0001, :001, :01, :1. In Figure 10, we present an analogousseriesof vorticit y plots at

di�erent times as those presented in Figures 3-5, only here each column corresponds to a

di�erent Prandtl number, with the �rst column having Pr = 10, second,Pr = 1, third,

Pr = :1, and fourth, Pr = :01. The trend is clear: while casesdisplay intriguing vortex

interactions, the behavior at small Prandtl number is �rst notably most similar to that

documented by the zero-Prandtl number equationsdisplayed in the right column of �gures

3-5, and secondly, the caseswith smaller Prandtl number exhibit much stronger blocking

behavior than thoseat higher Prandtl number.

To further exemplify this trend for stronger blocking to emergein the limit of small

Prandtl number, in Figure 11 we present particle statistics identical to thosegiven in �gure

7, excepthere,we have four columns,with Prandtl numbersakin to thosein Figure 10. The

phenomenaare clear as the Prandtl number is decreased:a clear wall to transport becomes

apparent in the simulations with the majorit y of the particles remaining in the upper half

of the simulation domain.

VI I Conclusion and Discussion

We have presented numerical simulations which document a striking weakly compressible
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phenomenon:structure in the steady background density pro�le during high Froude number

anelastic
uid 
o w yieldsan e�ective mixing barrier which strongly modi�es vortex dynamics

as comparedwith the incompressibleor structurelessdensity counterpart. In thesesimula-

tions, blocking is evidencedthrough particle studies which exhibit that the anelastic 
uid

systemhas reduced mixing as compared with incompressiblesimulations. The timescalefor

this blocking is seento grow with the sharpnessof the density transition. Weadditionally iso-

lated this particular blocking event asemergingin the limit of small Prandtl number through

a sequenceof computational simulations of the completeanelasticsystemwith density per-

turbation. As the Prandtl number was reduced, tracer histograms indicate a transport

barrier. Consequently, this o�ers strong support for utilizing the zero-Prandlt number (low

gravit y) equationsdeveloped here,especially for 
o ws involving such vortex interactions, for


uids with small Prandtl (or equivalently largeFroude) number. Therefore,it seemsnatural

that this blocking mechanismmay be relevant to any exchangeproblem involving a strongly

strati�ed 
uid. Clearly, many issuesneedto be explored. The development of an anelastic

vortex method could o�er insight into the nonlinear mechanismsresponsiblefor this mixing

barrier. Work in progresshasbeensuccessfulin explaining certain aspectsof this evolution

in limiting cases,however, it is necessaryto handlea variable coe�cien t Green'sfunction to

generalizethe vortex method [18; 19] to arbitrary anelastic
o w.

Numerousadditional issuesdemandconsideration.Perhapsmost important, is a further

careful assessment and understandingof the energeticscalesassociated with condensation

and other phasechangephenomena.Certainly, such phenomenaare crucial to moist atmo-

spheric convection, nonetheless,the present study does suggestthat at least for dry con-
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vection non-Boussinesqe�ects such as thoseembodied within the non-trivial anelasticmass

constraint yield interesting behavior associated to transport and mixing. Further, should

such non-Boussinesqe�ects be consistently developed into closuremodels for driven turbu-

lencein the presenceof strong density transition? Clearly, buoyancy e�ects are important

in the considerationof such closures,but careshould be taken. Typical Richardsondepen-

dent closuresoften extinguish mixing coe�cien ts for large Richardsonnumber [20; 21]. While

such closureshave proven e�ective in somecircumstances,work of Majda and Shefter has

demonstratedsituations in which instabilit y persistsat arbitrarily large Richardsonnumber

[22], suggestingthe needfor modi�ed closures.Certainly, for strong density transition, mix-

ing should be carefully assessedas penetrative motion will experiencedramatic increasein

potential energy which could potentially drive smaller scalemixing upon relaxation. The

studiespresented here,while idealized,do suggestthat mixing mechanismsmay be strongly

modi�ed through weakly compressiblee�ects, and a completemathematical theory for small

scalestrati�ed mixing may require the considerationof such non-Boussinesqe�ects.
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APPENDIX Stabilit y of Alternating Perio dic
Arra ys

The stabilit y of an in�nite row of vortices of equalstrength hasbeendiscussedin Lamb

[23] and Sa�man [16]. It is found that the pairing instabilit y is most unstable for an in�nite

row of vortices of equal strength.

In this appendix we consider an in�nite row of vortices of alternating strength. The

equilibrium con�guration consistsof vorticesof strength (� 1)k � at the points x = kh, y = 0

(k = �1 ; � � � ; � 1; 0; 1; � � � ; 1 ).

Now disturb the row:

x j =

0

B
B
B
@

hj

0

1

C
C
C
A

+ "y j (A1)

where" << 1, j = �1 ; � � � ; � 1; 0; 1; � � � ; 1 . Then

dx j

dt
= J�

X

k6= j

� k(x j � xk)
jx j � xk j2

; (A2)

where

� k = (� 1)k ; J =

0

B
B
B
@

0 � 1

1 0

1

C
C
C
A

: (A3)

The linearizedequation is

dy j

dt
=

�
h2

H
X

k6= j

(� 1)k(y j � yk)
(j � k)2

; (A4)
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where

H =

0

B
B
B
@

0 � 1

� 1 0

1

C
C
C
A

: (A5)

This stabilit y problem may be analyzedmost simply through Fourier analysis. To this

end, let

f (x; t) =
X

k

e� 2� ik xyk(t): (A6)

Note that f (x; t) is periodic with respect to x with period 1 and y k(t) is given by

yk(t) =
Z 1

0
e2� ik x f (x; t)dx: (A7)

We further introduce

f0(x; t) =
X

k

e� 2� i (2k)x y2k(t) (A8)

f1(x; t) =
X

k

e� 2� i (2k+1) x y2k+1 (t) (A9)

It is clear that

f (x; t) = f0(x; t) + f1(x; t): (A10)

It can be shown that

f0(x; t) =
f (x; t) + f (x + 1

2; t)
2

; (A11)

f1(x; t) =
f (x; t) � f (x + 1

2; t)
2

: (A12)
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It further can be shown that

g(x) =
X

l6=0

(� 1)l (1 � e2� il x )
l2

(A13)

is the continuousperiodic extensionof g(x) = � 2� 2x2 on [� 1
2 ; 1

2]. A plot of g(x) is shown in

Fig. 12.

De�ne

f3 = f0 � f1: (A14)

Then it may be establishedfrom (A4) that

@f3

@t
=

�
h2

Hf (x; t)g(x): (A15)

Using (A11) and (A12), onehas

f3 = f0 � f1 = f (x +
1
2

; t): (A16)

From (A15), one then has

@f (x + 1
2; t)

@t
=

�
h2

g(x)Hf (x; t): (A17)

Since(A17) is true for any x and recall from (A6) that f (x) is periodic with period 1, we

have

@f (x; t)
@t

=
@f (x + 1; t)

@t
=

�
h2

g(x +
1
2

)Hf (x +
1
2

; t): (A18)

Hence

@
@t

2

6
6
6
4

f (x; t)

f (x + 1
2; t)

3

7
7
7
5

=
�
h2

2

6
6
6
4

0 g(x + 1
2)H

g(x)H 0

3

7
7
7
5

2

6
6
6
4

f (x; t)

f (x + 1
2 ; t)

3

7
7
7
5

: (A19)
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The positive eigenvalue of the matrix on the right hand side is

� + =

s

g(x)g(x +
1
2

): (A20)

For convenience,let us restrict x to � 1
2 � x � 0. Then

� + = 2� 2jx(x +
1
2

)j = � 2� 2x(x +
1
2

) = 2� 2[� (x +
1
4

)2 +
1
16

] (A21)

whosemaximum value is � 2=8, achieved at x = � 1
4. So the maximum growth rate of an

in�nite row of vortices of alternating strength is smaller than that of an in�nite row of

vortices of equal strength by a factor of 4; seeSa�man [16].

The most unstablemode is easilyshown to be a pairing mechanismcouplingnext nearest

neighbors, asopposedto the caseof samesignedvortices which pairs nearest neighbors.
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List of Figures

Figure 1 The variable density pro�les, � (z), for the structureless(4) and structured (5)

simulations.

Figure 2 A diagram of the 
o w region.

Figure 3 Time lapsesof vorticit y patterns for constant density (Column 1), exponential

density (4) with � = 0:02 (Column 2), and structured density (5) with � = 4, � = 0:1 (Col-

umn 3) simulations of the anelasticmodel (1)-(2). In each simulation the Reynoldsnumber

is Re = 1000.

Figure 4 Figure 3 continued.

Figure 5 Figure 4 continued.

Figure 6 The velocity �eld depicted in Fig. 3: Fig. 6a (top) corresponds to Fig. 3,

Column 1, whereasFig. 6b (bottom) corresponds to Fig. 3, Column 3.

Figure 7 The statistics of releasedpassive scalar tracers for the simulation of Figs. 3{5:

the left column is the incompressibleresult, while the right column is the weakly compress-

ible result for the structured density pro�le.

Figure 8 A comparisonof the mixing behavior of structured densities(5) asthe transition

width (1=� ) is varied: the top simulation has � = 0:1, � = 1; whereasthe lower simulation

has � = 0:1, � = 8.

Figure 9 Fig. 8 continued, again with � = 1; 8 for the upper, lower simulations, respec-

tively.

Figure 10 Time lapsesof vorticit y patterns for a sequenceof �nite Prandtl number simu-

lations: Pr = 10 (Column 1); Pr = 1 (Column 2); Pr = :1 (Column 3); Pr = :01 (Column
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4).

Figure 11 The statistics of releasedpassive scalar tracers for the simulations of Fig 10.

Viewed from the left to the right, the columnscorrespond to Pr = 10, 1, 0:1, 0:01, respec-

tively.

Figure 12 The plot of g(x).
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